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1 Introduction

Solitons play an important role in a wide range of physics, from condensed-matter and
fluid dynamics to cosmology and particle physics [1]-[6]. A quiet revolution in our un-
derstanding of soliton vortices has been taking place in the last few years, in the context
of supersymmetric gauge theories, triggered by the discovery of wvortices of non-Abelian
type [7, 8]. The latter represent continuous families of vortex solutions carrying various
moduli corresponding to the internal orientations (related to the exact flavor symmetry of
the system) as well as other zero-modes. It is possible that such non-Abelian vortices are
a key to unravel the mystery of confinement in Quantum Chromodynamics (QCD).

Motivated by this, together with other physics interests, many related questions have
been investigated systematically by several groups [9]-[41]. The moduli-matrix formal-
ism was introduced in refs. [9]-[12] in order to exhaust all possible moduli. The moduli
and transformation properties of the moduli in the cases of composite vortices (higher-
winding vortices) [13-16] and semi-local vortices [17, 18], have been studied. A new type
of (Seiberg-like) duality was found among pairs of models having related vortex moduli,
sharing a common sigma-model-lump limit [18]. Systems having vortex solutions carrying
more than one non-Abelian modulus factor have been studied recently [19]. Furthermore,
vortices were found to provide us with a deep physical intuition about some well-known
correspondence between theories in the four and two dimensions [32, 33, 42]. So far, how-
ever, most studies have been limited to the case of U(N) gauge theories, with a few but
notable exceptions [20-22].

In a brief note, some of the present authors have presented a general prescription
for constructing the Bogomol'nyi-Prasad-Sommerfield (BPS) vortices in color-flavor locked
vacua of a more general class of theories, with a gauge group of the form, G = G’ x U(1),
where G’ is any semi-simple group [23]. Some explicit expressions for the moduli matrix
construction of the minimum-winding vortex in SO(N), USp(2/N) models were given there.

It is the purpose of this paper to discuss the properties of the non-Abelian BPS vortices
in SO(NNV) and USp(2N) gauge theories in more detail. The moduli space in each case is
carefully analyzed, both for the fundamental (or minimal) vortices and for the winding-
number two vortices. The study of the non-minimal vortices and their transformation
properties is particularly important from the point of view that the latter has a simple
group-theoretic nature, in terms of a dual group.



When the model is embedded in a larger, underlying gauge group, spontaneously bro-
ken to the model under study, the vortex transformation properties endow the monopoles
appearing at the extremes of the vortices with non-Abelian moduli.!

The paper is organized as follows. In section 2 the model is presented and the vortex
Bogomol’'nyi equations are put in a simple form by the introduction of the moduli matrix.
The basic characterization of vortices in SO(N) and USp(2N) theories which follows from
this general construction is discussed. Section 3 is dedicated to the study of vortex solutions
of the Abrikosov-Nielsen-Olesen (ANO) [1, 2] type (sometimes called local vortices), their
moduli space and its structure. We make use of concrete examples (the lowest-rank gauge
groups) for the sake of clarity. The analysis is then extended in section 4 to a larger
set of BPS-saturated vortex solutions which includes the so-called semi-local vortices [3].
The structure of the moduli space including these points becomes much richer. Again, we
discuss in some detail a few concrete cases with the lowest-rank gauge groups. An index
theorem for the dimension of the moduli space for vortices with a general gauge group
U(1) x G’ is discussed in appendix A.

Two issues of considerable interest seem to emerge from our study, which are only
briefly discussed here. One is the question of the Goddard-Nuyts-Olive-Weinberg(GNOW)
quantization/duality of the non-Abelian vortices, which is deeply related to the original
problem of understanding non-Abelian monopoles [43]. Another is the appearance of “frac-
tional vortices”, which seems to be very common when one studies vortices in models other
than the U(N) gauge theories. Although the results of the present paper provide us with
a concrete starting point and important ingredients for the analysis of these questions, in
order to keep the length of the paper to a reasonable size and for the ease of reading, we
reserve a more thorough discussion of these two issues for separate, forthcoming papers.

2 Vortex equations and basics

2.1 The moduli matrix and BPS equations

In this section we study vortex solutions in four-dimensional gauge theories with an
SO(N) x U(1) or USp(N) x U(1) gauge group,? and with Np scalars in the fundamen-
tal representation. Sometimes the gauge group will be indicated in a more general way,
as G = G' x U(1) with G’ being any simple group; the prescription for writing down the
BPS vortex solutions in all these cases has in fact been given in ref. [23]. However, below
we shall concentrate on the gauge groups SO(N) x U(1) and USp(N) x U(1). An integer
M will be used to indicate the gauge group, such that N = 2M or N = 2M + 1, for even
SO(N) and USp(N) or odd SO(N), respectively.
The Lagrangian density reads

1 1 - A 62 2 92
— T 0,0 0 2
E—TI'C 262 F}LVF!LV 9 QF‘IMUF“V DMH (D“H) |X t 2§t ‘ ‘Xata‘ 5 (21)

!The latter has been interpreted as gauge modulations in the dual, confinement phase [16].
2 The case of local vortices with the gauge groups SO(N) x U(1) has first been considered in ref. [21].



with the field strength, gauge fields and covariant derivative denoted as
Fu = Fo,1°, F, = 0,40 — 0,45, Fu =0,A, — 0,4, +ilAL A,
A, = Ast®, Dy = 0y +iANt° + i A%t" (2.2)

Ag is the gauge field associated with U(1) and Af, are the gauge fields of G’. The matter
scalar fields are written as an N x Np complex color (vertical)-flavor (horizontal) mixed
matrix H. It can be expanded as

X=HH = X% 4 X4 X%, X0—2Tr, <HHT750> . X"=2Tr, (HHW) ,(2.3)

where the traces with subscript ¢ are over the color indices. e and g are the U(1) and G’
coupling constants, respectively, while ¢ is a real constant. ¢° and ¢* stand for the U(1) and
G’ generators, respectively, and finally, t* € g’,, where g, is the orthogonal complement
of the Lie algebra g’ in su(N). We normalize the generators according to

1 1
0= N Tr(t*?) = =5 . (2.4)

V2N’ 2

We have chosen in eq. (2.1) a particular, critical quartic scalar coupling equal to the
(square of the) gauge coupling constants, i.e. the BPS limit. Indeed such a Lagrangian can
be regarded as the truncated bosonic sector of an A/ = 2 supersymmetric gauge theory.?
The constant £ would in this case be the Fayet-Iliopoulos parameter. In order to keep the
system in the Higgs phase, we take £ > 0. The model has a gauge symmetry acting from
the left on H and a flavor symmetry acting from the right. First we note that this theory
has a continuous Higgs vacuum which was discussed in detail in ref. [22]. In this paper, we
choose to work in a particular point of the vacuum manifold:

v U2

(H) = —=1n, §:ma

namely, in the maximally “color-flavor-locked” Higgs phase of the theory. We have set

(2.5)

Ng = N which is the minimal number of flavors allowing such a vacuum.? The existence
of a continuous vacuum degeneracy implies the emergence of vortices of semi-local type as
we shall see shortly.

Performing the Bogomol’'nyi completion, the energy (tension) reads

T = /dszrc

> —§/d2x FY (2.6)

2

€ 0,0 0 Lz g9 aa2 A 7|2 0
Flg—E(Xt—%t) +? F12—5Xt +4{DH‘ — 28 F ot

1
2

3The full supersymmetric bosonic sector contains an additional set of squarks in the anti-fundamental
representation of the gauge group, and an adjoint scalar field. We can consistently forget about them, as they
are trivial on the BPS vortices. Although we shall not make explicit use of any of the consequences of N' = 2
supersymmetry (the missing sector is truly relevant at the quantum level), this way of regarding our system
is useful for providing a convenient choice of the potential and its stability against radiative corrections.

4Notice that this not the minimal choice for the existence of a vacuum which supports BPS vortices.
In fact, such a minimal number is Nr = 1 in the SO case and Nr = 2 in the USp case. However, in this
case there is a residual Coulomb phase. The vortices actually reduce to those appearing in theories with a
lower-rank gauge group.



where D = w is used along with the standard complex coordinates z = ! + iz?
and all fields are taken to be independent of 3. When the inequality is saturated (BPS
condition), the tension is simply

1
2V 2N

where v is the U(1) winding number of the vortex. This leads immediately to the BPS

T = 2V2Nrév = 2mo°v, v=— d*z FY, (2.7)

equations for the vortex

DH = 0H +iAH =0, (2.8)
FO, = ¢? [Trc (HHTt0> - 5] , (2.9)
F& = ¢ Tr, (HHH“) . (2.10)

The matter BPS equation (2.8) can be solved [9-11] by the Ansatz
H = S"1(2,2)Hy(2), A=—iS7Y(2,2)08(z, %), (2.11)

where S belongs to the complexification of the gauge group, S € C* x G’ ¢ Hy(z), holo-
morphic in z, is called the moduli matriz [12], which contains all moduli parameters of the
vortices as will be seen below.

A gauge invariant object can be constructed as Q = SST. It will, however, prove con-
venient to split this into the U(1) part and the G’ part, such that S = s 5" and analogously
Q=wQ, w=|s2, ¥ =557 In terms of w the tension (2.7) can be rewritten as

_ 1 _
T = 21y = 202 / d*z 00logw, v=— /d2x 00 logw (2.12)
T
and v determines the asymptotic behavior of the Abelian field as
w=sst ~ |27, for |z| — oo . (2.13)

The minimal vortex solutions can be written down [23] by making use of the holomor-
phic invariants for the gauge group G’ made of H, which we denote I}, (H). If the U(1)
charge of the i-th invariant is denoted by n;, IS, (H) satisfies

I (H) = I, <s—15'*1H0) — s L, (Ho(2)) | (2.14)
while the boundary condition is

I& (H) = It enif (2.15)

|z[—00

where vn; is the number of zeros of Ié,. This leads then to the following asymptotic
behavior

|z]—o00

14 (Ho) = ™5 (H) — L, 2", (2.16)

vev



It implies that I%,(Hg(z)), being holomorphic in z, are actually polynomials. Therefore
vn; must be positive integers for all i:

vn; € Ly — v=—, keZy, (2.17)

with

no = ged {n; [Iey #0} | (2.18)

where “ged” stands for the greatest common divisor. The U(1) gauge transformation
e2mi/m0 Jeaves Ié,(H ) invariant and thus the true gauge group is

G=[UQ)x G [Zy,, (2.19)

where Zy, is the center of the group G’. The minimal winding in U(1) found here, nLO,
corresponds to the minimal element of 71 (G) = Z, as it represents a minimal loop in the
group manifold G. As a result we find the following non-trivial constraints for Hy

. . ﬂ kni_
Itw(Hyp) = Ly 20 + 0O <z "0 1> . (2.20)

Let us now obtain the explicit constraints for the gauge groups SO and USp. The
invariants are

(Isowsp)s = (H'JH)'y, 1<r<s<N, (2.21)
which finally yields what we call the weak constraint for the moduli matrix,
T 2k 2k _q
Hy (2)JHy(z) = zm0 J + O <z”0 > . (2.22)
Here J is the invariant tensor of G’:

0 1 0 1,0
Jeven = <€1 (])\4> 5 Jodd =1y 0 0 s (223)
M 0 01

where in the first matrix e = +1 for SO(2M) and € = —1 for USp(2M),5 while the second
matrix is for the SO(2M + 1) theory. The integer ng for each group is listed in table 1.
Vortices represented by eq. (2.22) include also semi-local vortices.

In terms of 2 the BPS-equations (for the gauge-fields) (2.9) and (2.10) can be ex-

pressed as

— mz 1 1—1
2
alorao—1) _ My =1 /—I\T
B (Q a0 ) =2 <QOQ JHQe ™Y J) : (2.25)

®The symbol € will appear many times below. It will always take one of the two values, depending on
the choice of the gauge group



SO(2M) USp(2M) SO(2M +1)
no 2 2 1

Table 1. ng for SO(N) and USp(2M)

where Qp = %HOH(J)r and m, = \;_UN’ my = &

are masses around the vacuum (2.5).
The equations (2.24) and (2.25) are called master equations for the gauge group G' =
SO(N) and USp(2M) with the respective invariant tensor J. Both sides of these equations

transform covariantly under the following transformation:

S(z,2) = Vo(2)V'(2)S(2,2), Ho(z)—Va(2)V'(2)Ho(z), Vi(2)eC*, V'(2)eG'".

(2.26)
This transformation does not change the original fields H and A (see equation (2.11)).
Therefore, the solutions to the equations (2.24) and (2.25) are equivalent if they are re-
lated by the transformation (2.26). We denote this the V-equivalence relation. The master
equations (2.24) and (2.25) should be solved such that the solution approaches the vac-
uum configuration at the boundary |z| — co. Therefore, one must enforce the following
asymptotic behavior on® Q = w(Y’,

1 1

log Q2 =log Qs + O ( , _> . (2.27)
Me,gZ MegZ

Here the leading contribution Q. = w2, is given as the unique solution to the D-term

conditions X? = X = 0 with a given Hy(z). They are obtained by the Kihler quotient

method and are found for the gauge groups G’ = SO(N), USp(N) in ref. [22] to be:

1 1 /

NI

where the G'-invariant Ir = Ig(Ho) = H{ (2)JHo(z). With this boundary condition, the
master equations are expected to have a unique (and smooth) solution with a given Hy(z).
Namely, we expect that vortex configurations are completely characterized by Hy(z). The
validity of this expectation will be discussed in section 4.1.

2.2 GNOW quantization for non-Abelian vortices

Our task is to find all possible moduli matrices which satisfy the weak condition (2.22). In
general this is not easy. But certain special solutions can be found readily, and each such
solution is characterized by a weight vector of the dual group, and are labelled by a set of
integers v, (a = 1,...,rank(G"))

Hy(z) = 2 v treMa ¢ U(1)€ x ¢'C, (2.29)

SFor vortices satisfying the strong condition (2.64), Qo reduces to Qo and the next to leading terms of
log Q2 are O (e””e’y‘z‘) as will be explained later.



where v = k/ng is the U(1) winding number and H, are the generators of the Cartan
subalgebra of g’. These special solutions satisfy the strong condition (2.64), given below,
with z; = 0. Hp must be holomorphic in z and single-valued, which gives the constraints
for a set of integers v,

(VlN + I/aHa)u S ZZO vi. (2.30)

Suppose that we now consider scalar fields in an r-representation of G’. The constraint is

equivalent to

v+ vl € Zsy Vi, (2.31)
where i) = ,u((j) (1=1,2,...,dim(r)) are the weight vectors for the r-representation of

G’. Subtracting pairs of adjacent weight vectors, one arrives at the quantization condition
v-aez, (2.32)

for every root vector a of G’.

Eq. (2.32) is formally identical to the well-known Goddard-Nuyts-Olive-Weinberg
(GNOW) quantization condition [43] for the monopoles, and to the vortex flux quanti-
zation rule found in ref. [44]. There is however a crucial difference here, as compared to
the case of [43] or [44]. Because of an exact flavor (color-flavor diagonal Gc4r) symmetry
present here, which is broken by individual vortex solutions, our vortices possess continuous
moduli. As will be seen later, at least in the local case these moduli are normalizable, and
there are no conceptual problems in their quantization. On the contrary, vortices in ref. [44]
do not have any continuous modulus, while in the case of “non-Abelian monopoles” [43]
these interpolating modes suffer from the well-known problems of non-normalizability. An-
other way the latter difficulty manifests itself is that the naive “unbroken” group cannot
be defined globally due to a topological obstruction [45] in the monopole backgrounds.

The solution of the quantization condition (2.32) is that

i=i/2, (2.33)

is any of the weight vectors of the dual group of G'. The dual group, denoted as G, is
defined by the dual root vectors [43]

ar =2 (2.34)

(66

We show examples of dual pairs of groups G/, G’ in table 2. Note that (2.31) is stronger
than (2.32), it has to be zero or a positive integer. This positive quantization condition
allows for only a few weight vectors. For concreteness, let us consider scalar fields in
the fundamental representation, and choose a basis where the Cartan generators of G' =

SO(2M),SO(2M + 1), USp(2M) are given by

1 1

H, = diag( 0,...,0,2,0,...,0,—=,0,...,0), (2.35)
—— 2 —— 2

a—1 M—-1



G’ G’
SU(N) SU(N)/Zy
U(N) U(N)
SO(2M) SO(2M)
USp(2M) | SO(2M +1)
SO(2M +1) | USp(2M)

Table 2. Some pairs of dual groups

with @ = 1,..., M. In this basis, special solutions Hy have the form” for G’ = SO(2M)
and USp(2M)

H ) _ gigg (Zk;,' LM ”,Zk,a) , (2.36)
while for SO(2M + 1)
Héﬁl,---,ﬂM) = diag (Zkf, o Zk;[f Zk_ B ’Zk;I Zk) , (2.37)

where kX = v =+ fi,.
For example, in the cases of G’ = SO(4), USp(4) with a v = 1/2 vortex, there are four
1
2

special solutions with ﬁ = (%, %), (%, —%), (—%, ) (—%, _%)

Hé%’%) _ diag(z, 2,1, 1) = 23t 1 HIH1H: (2.38)
Ho(%7_%) = diag(z,1,1,2) = 2%14+1~H1—1-H27 (2.39)
5P = diag(l, 2, 2,1) = o311+ (2.40)

Hé_%’_%) = diag(l,1,2,2) = 217170717, (2.41)

These four vectors are the same as the weight vectors of two Weyl spinor representations 2@
2’ of ' = SO(4) for G’ = SO(4), and the same as those of the Dirac spinor representation
4 of G’ = Spin(5) for G’ = USp(4).

The second example is G’ = SO(5) with v = 1. We have nine special points which are
described by 7 = (0,0) and (1,0), (0,1), (—1,0), (0, —1) and (1,1), (1,-1),(=1,1), (-1, —1)

and thus correspond to

H(0 0 = diag(z, 2, 2, 2, 2) = 21 B TOTFT0OH (2.42)
H(10 = dlrng(z2 z,1,2,2) = 1'15+2'H1+0'H2, (2.43)
H(0 2 = diag(z, 2%, 2,1, 2) = zH s F0HLF27 (2.44)
Hé = diag(1, 2, 2%, 2, 2) = ZH s 72T F0H (2.45)
HO(O Y = diag(z,1, 2, 2%, 2) = 2 s T0HL=2T (2.46)
(2.47)

Hél - diag(2?, 22, 1,1, z) = 2 lst2Hi+2Ha

"The integers kT and k here coincide with n and n(%, respectively, of ref. [21].



SO(2) USp(2) 50(3)
° : °(1,1)
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(1,0)
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(0,0)
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50(4) USp(4) ) T )
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S0(6) USp(6)
Figure 1. The special points for the k = 1 vortex.
HYV ™Y = diag(22,1,1, 22, 2) = 2152 M2 (2.48)
Ho(_l’l) = diag(1,2%,2%,1,2) = 1727027, (2.49)
Héfl’fl) = diag(1,1, 2%, 22, 2) = s~ 2Ha—2H2 (2.50)

These nine vectors are the same as the weight vectors of the vector representation 4 and

the antisymmetric representation 5 of the dual group G’ = USp(4). The weight vectors

corresponding to the k£ = 1 vortex in various gauge groups are given in figure 1.

2.3 7o parity

As discussed in ref. [21], the vortices in G’ = SO(N) theory are characterized by the first
homotopy group

m<gl%§ﬂ£9>=2xzb no=1 (N odd), mnp=2 (N even), (2.51)
no



g1 jiz | Qz — —
T 1 +i M e | Qu,
22 ) 0 0 | +1
2 2 +{1 0} | -1
RS +{1 +1} | +1
-4 -]

Table 3. k=1 SO(4) vortices (left), k =1 SO(5) or k =2 SO(4) (right).

a1 iz i3 | Qz,
0 0 0 | —1
f1 fiz 3 | Qz, +{1 0 0} +1
+{i 1 IS +{1 1 0}| -1
i 3 -3}| F +{1 -1 0}| -1
+{1 1 1} +1
+{-1 1 1}| +1

Table 4. k =1 SO(6) cases (left), k =1 SO(7) or k =2 SO(6) (right).

while those of G’ = USp(2M) theory correspond to non-trivial elements of

m (USP(M;Z . U(1)> ~7. (2.52)

The vortices in G = SO(N) carry a Zy charge in addition to the usual additive vortex
charges. The Zs charge can be seen from the dual weight vector ﬁ As a simple example,
let us consider the case of SO(4). The dual weight vectors are listed in table 3. Let
us compare two states: namely (i1, fi2) = (1/2,1/2) and (@1, fie) = (1/2,—1/2). The
difference between them is d(fi1, fiz) = (0,1): thus one of them can be obtained from the
other by a 27 rotation in the (24)-plane in SO(4). As a path from unity to a 27 rotation
is a non-contractible loop, they have different Zs charges.

On the other hand, the difference between (i1,02) = (1/2,1/2) and
(1, p2) = (=1/2,-1/2) is 6(fi1,f12) = (1,1), hence this is homotopic to the trivial
element of Zg. Therefore, the vortices can be classified by the Zg-parity, )z, = 1. In
figures 1 and 4, the dark points correspond to vortices with )z, = +1 while the empty
circles correspond to those with @z, = —1.

The Zo parity of each special point is defined, in general, as follows:

Qua (k7 k) = (1) 2K ()24 = ()= (2.53)
or equivalently in terms of the weight vectors:
Qu, (Hy™ 7)) = (=) M2, (2.54)
2.4 Local versus semi-local vortices

One is often interested in knowing which of the moduli parameters describe the so-called
local (or the ANO-) vortices [1, 2]), which have the profile functions with exponential tails.
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For example, the thoroughly studied U(/V) non-Abelian vortices are of the local type when
the model has a unique vacuum: this is indeed the case when the number of flavors is the
minimal one, i.e. just sufficient for the color-flavor locked vacuum (Np = N Higgs fields in
the N representation of SU(NNV)). For Ny greater than N, the vacuum moduli space contains
continuous moduli Gry, n =~ SU(Ng)/[SU(Ny—N) x SU(N) x U(1)] and, as a consequence,
the generic non-Abelian vortex solution is of the “semi-local” type [3, 46], with power-like
tails.® A characteristic feature of the semi-local vortices is their size moduli, which are non-
normalizable [17, 18]. A lesson from the U(N) non-Abelian vortices is that the semi-local
vortices become local (ANO-like) vortices, when all the size moduli are set to zero.

Our model with G = SO(N) or USp(2M), even with our choice Ny = N, that is the
minimum number of flavors that allows for a color-flavor locked vacua, possesses always
a non-trivial vacuum moduli space. In fact, in the class of theories considered here, its
dimension is given by the following general formula

dimg [Myac] = N Np — dimg [U(1)‘C X G’C] >0. (2.55)

This strongly suggests that even for Ng = N, generic configurations are of the “semi-local”
type. The Kéahler metric and its potential on the vacuum moduli space have been obtained
in ref. [22].

The distinction between local and semi-local vortices can be made by using the moduli
matrix. In order to see this, the asymptotic behavior of the configurations must be clarified.
First note that the vacuum moduli spaces of our models are Kéahler manifolds My,. and
our gauge theories reduce to non-linear sigma models whose target space is My, when the
gauge couplings are sent to infinity. In this limit, vortices generally reduce to the so-called
sigma model lumps [47] (sometimes also called two-dimensional Skyrmions or sigma model
instantons) characterized by

T2 (Mvac) s

i.e. a wrapping around a 2-cycle inside M,,.. By rescaling sizes, taking the strong coupling
limit can be interpreted as picking up the asymptotic behavior, and thus, even for a finite
gauge coupling, asymptotic configurations of semi-local vortices are well-approximated by
lumps [46].

Consider the lump solutions of the non-linear sigma model on M,.. Let us take holo-
morphic G-invariants {Ié} as inhomogeneous coordinates of My,. and denote its Kahler
potential by K = K (Ig, 15). A lump solution is then given by a holomorphic map

2eC — IL=fl(2) € My . (2.56)

with single-valued functions {f/(z)}. For finite-energy solutions, the boundary |z| = oo
is mapped to a single point I}, = v/ € Myae. So the maps {f/(z)} are asymptotically
of the form

fl(z) =0 + u?l +0 (z_2) , ulecC. (2.57)

8«Local vortex” and “semi-local vortex” are clearly misnomers, but as they seem to have stuck among
the experts in the field, we shall use them in this paper.
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The corresponding energy density £ has a power behavior

2 B 7 _
— WK'Jj(v,v)u‘]u‘] +0 (\z[ 5) , (2.58)

& = 2K, ;(Ig, Ig) OI2(2) DIL(Z)
where we assume that {Ié} is a local coordinate system in the vicinity of the point
Ié = v! and the manifold is smooth at that point. As mentioned above, this asymptotic
behavior is valid for that of the vortices as well. Since {I}} ~ {I ,}/U(1)C in the case
G = G' x U(1), the holomorphic maps and the moduli matrix are related by

1)} = {Ie ()} ~, (2.59)
where “~” is defined as the equivalence relation
Ten(2) ~ P(2) I (2), with P(z) € Clz] . (2.60)

Hence, the asymptotic tail of the configurations is generically power-like, i.e. the generic
vortices are of the semi-local type.

Although this is in general the case, it might happen that all the holomorphic functions
{I%,(Hy(2))} have common zeros and that the quotient above is ill-defined. In such a case,
from the point of view of f/(z), we completely lose the information about the common
zeros accompanied by some vorticity. Namely, the signature of the corresponding vortices
vanishes from their polynomial tails and 7o(M,.) becomes trivial.” Specifically, it can
happen that all the holomorphic invariants are proportional to a polynomial P(z):

n;

fi(z) =const. <« I&(Ho(z)) = P(z)’Té for all 7, (2.61)

or possibly that there exists only one such holomorphic invariant. In the case of the U(N),
with Np = N i.e. the model considered earlier, My, is just a single point. Even in the SO
and USp cases, we do not consider any non-trivial element of the second homotopy group
of Myae but we fix a point of My, at |z| — co. Therefore, one must return to the master
equations to examine the asymptotic behavior. The moduli matrix satisfying eq. (2.61)
could be transformed to a trivial one such that Qp = 1y in eqgs. (2.24) and (2.25), by using
an extended V-transformation allowing for negative powers of z, with a singular determi-
nant det (V(z)) = P(z)~!. After this operation the master equation would take the form
of a Liouville-type equation with point-like sources;'? hence the asymptotic tail is indeed
exponential. In other words, the conditions (2.61) mean that the (static) vortex is decou-
pled from any massless mode in the Higgs vacuum and hence the dominant contribution
to its configuration comes from massive modes in the bulk. The corresponding vortices are
purely of local type. Conversely, we can clearly identify a local vortex and its position by

9The price of the loss of vorticity in the map (2.56) is the appearance of small lump singularities, which
manifest themselves as spikes (delta functions) in the energy density.

9Tn the well-known Abelian case G' = U(1), this transformed master equation is nothing but Taubes’
equation. This transformation for non-Abelian cases means that all information about orientational moduli
are also localized at the zeros, in other words, the moduli matrix can be reconstructed from the data at the
zeros in the case of local vortices [24]. For semi-local vortices, this is clearly not the case.
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looking at common zeros, although a composite state of a semi-local vortex and a local
vortex also has a polynomial tail. The above observations can briefly be summarized as
follows. The asymptotic behavior of a vortex is classified by the lightest modes in the bulk
coupled to its configuration. To summarize, a vortex is necessarily of the local type, when
the vacuum moduli space is just a point (i.e. a unique vacuum). Semi-local vortices are
present only if the vacuum moduli space is non-trivial (i.e. having continuous moduli).
Once we have clarified the origin of the of polynomial tails, it is easier to identify
the non-normalizable modes and the results in ref. [22] for lumps can be readily applied
to vortices. Semi-local vortices always have non-normalizable moduli, which live on the

tangent bundle of the moduli space of vacua'!

(v, ul) € TMyae - (2.62)

In our case, G’ = SO(N), USp(N), with the common U(1) charge of the scalar fields
H, all the G invariants I/,(H) can be written using the meson Iso sp in eq. (2.21). For
instance, since Tr[/g0,7sp] # 0 in the chosen vacuum, we can construct
_ Usowsp(H))'s _ (HYJH)"

5) (H) = - <r<s<
16 ) = NIsouspmn) ~ TErm - LSrEssN (26)

The condition for (winding k) local vortices is thus:

k

Isowsy(Ho) = HY (2)J Ho(2) = <H(z - zi)%> J. (2.64)
i=1

This will be called the strong condition, in contrast to the weak condition (2.22) which

characterizes a more general class of solutions including semi-local vortices.

In the next section we will discuss moduli spaces defined by requiring the strong con-
dition. One can regard this condition being physically required by modifying our model
in such a way that the continuous directions of the vacuum are indeed being lifted. For
instance, it is not difficult to add an appropriate superpotential 6 to our model, intro-
ducing a chiral multiplet A which is a traceless N-by-N matrix taking value in the usp (so)
algebra in the SO case (USp case), viz. ATJ = JA, and having a U(1) charge —2:

oW o Tr[AHTTH.J], (2.65)

however such a term would nevertheless reduce the amount of supersymmetry. As we will
see in some cases, the strong condition can give rise to singularities in the moduli space,
which will be inherited into the target space of an effective action for the local vortices.

3 Local vortices and their orientational moduli

In this section we study local non-Abelian vortices in detail leaving the analyses of semi-
local vortices for the next section. The local non-Abelian vortices carry non-Abelian charges

1yT are nothing but vacuum moduli and all of the u!’s are not always independent and consist of overall

semi-local moduli like an overall size modulus. The interpretation as a tangent bundle can be derived
from eq. (2.57)
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under the color-flavor symmetry group. The corresponding moduli parameters are referred
to as the internal orientations (or orientational modes) of the vortices. Let us consider a
single local vortex. The strong condition is

:|t\3

HY (2)JHo(z) = (2 — z9)™0 J . (3.1)

The parameter zy represents the vortex center and is a part of the vortex moduli. Fixing
zop = 0, the solutions to the above condition still possess the orientational modes. In
fact, once a moduli matrix satisfying eq. (3.1) has been found, other solutions are readily
obtained by acting on it with the color-flavor symmetry transformations G L

Hy(z) = Ho(z)U, U € Geyy - (3.2)

However, Hy(z) is defined only modulo V-equivalence, therefore if there exists a V-
transformation such that

V(2)H)(z) = Ho(z), V(z)eG'C, (3.3)

then H{(z) and Hy(z) should be regarded as physically the same configuration. Therefore,
in order to identify the orientational moduli, one needs to identify the flavor rotations
which cannot be undone by any V-transformation. In the case of £k = 1 local vortices
with G’ = SO(2M), USp(2M), this discussion is sufficient to describe the moduli spaces
completely. In the SO(2M + 1) case, and for higher-winding vortices, however, this is not
the case. It is there that the moduli matrix formalism shows its power.

3.1 The single (k = 1) local vortex for G' = SO(2M), USp(2M)

The strong condition (3.1) with ng = 2 is satisfied by all special moduli matrices given in

eq. (2.36). For simplicity, let us start with the moduli matrix described by the dual weight

11 1

5,5,...75), 1.e.

vector fi = (

N[

) .

=d ez 1,001 3.4

(z) = diag( z,...,2 ) (3.4)
M M

(1 1
Fl’ 2727"'7
0

The color-flavor rotation G, generates other moduli matrices in a G{ p/U(M)-orbit.
It is obvious that the action of the U(M) subgroup of G’ = SO(2M), USp(2M)

T
Up = (u _1> EGYIC+F7 UEU(M), (35)
u

11
can be undone by a V-transformation (2.26) due to the fact that HSQ""’Q)

Uy =
(30:-3) (35+3) X
UpHy?""?" ~ Hy*>" 72", Therefore, we find the orientational moduli as parametrizing

the following spaces [23]

cir  SO(2M) ) USp(2M)
UM)cer  UGM) 2 TU@D)

Mori = (3.6)
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both of which are Hermitian symmetric spaces [48, 49]. The real dimension of the moduli
spaces is M(2M F 1) — M? +2 = M(M F 1) + 2. Where the additional dimension two
corresponds to the position of the vortex.

In order to see explicitly G, /U(M), let us take the following element of G’

.I.
t \/1nm + by gbas
U= (1M ~bas o | (M , (37)
Ly <\ [1ar +bas b275> bas 1um

where bg (ba) is an arbitrary M-by-M symmetric (antisymmetric)'? matrix for the SO(2M)
(USp(2M)) case. The first two matrices in U can be eliminated by V-transformations, such

(%77%)

that the action of U brings the moduli matrix H| to the following form

11 11 1 1 1
Hy (U Y =y (mbag) = (0 = M - (3.8)
bas 1 1r) \bas 1m

We denote the patch described by the above moduli matrix the (%, ey %)—patch of the
manifold G, /U(M). The complex parameters in the M x M matrix ba g are the (local)

w + 1 complex

inhomogeneous coordinates of Mg,;. Indeed, the moduli matrix has
parameters which is in fact the dimension of the moduli space as will be demonstrated in
section 4.1. This in turn implies that, in the present case, the moduli space for the local
vortex is entirely generated by a G’ orbit, except for the position moduli.

By a similar argument we find 2™ patches, starting from the special points

fi = (£1,...,+%) given in eq. (2.36). Indeed, this can easily be done by means of
permutations, e.g.

M—
( 1r 1 : (1,1
HY =53 5 (b g) = PO (bas) Py (39)

P = , PP, =J. (3.10)
Opnr—r 1y
One can easily check that the constraint
1 1 T 1 1
[Pr_lHéE""’E)PT} J [P;lﬂo(ﬁ’“"ﬁ)Pr} =,
is indeed satisfied. The determinant of the permutation matrices is

det P = (—€)" . (3.11)

12Similar symbols will be used below to indicate a symmetric or antisymmetric constant matrix.
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Note that P, is an element of G’ iff det P, = 1.
The problem now is to find the transition functions among the 2™ patches just found.

As in the case of U(IV) vortices [25], the transition functions between the (3, ..., 1)-patch
and the (—%, e —%, %, e %)—patch are obtained by using the V-transformation (2.26):
—_——— ——
r M—r
T M—r
(—1 r11 , (2.4
Hy =220 2003 (50 g) = V(2)Hg® 7 (2:ba,s) - (3.12)

By solving the above equation, one obtains the transition functions between the two patches
having det P, =1 as

Vy=ebyt, bhy=07"by, by=Dbz+ebyb; by, (3.13)

where bg g is decomposed to an r-by-r matrix by, an r-by-(M — r) matrix by and an
(M — r)-by-(M — r) matrix b3 defined as follows

b1 bo T
bas = bia = —€b 3.14
A,S (_Eb;f bg) ) 1,3 €013, ( )

and similarly for b,. The technical details will be postponed till the next section. This
derivation of the quotient space G'/U(M) in the moduli matrix formalism, can be related
to the ordinary derivation with 2M dimensional vector spaces which we call the orientation
vectors. See appendix B for the details.

As shown in eq. (3.11), det P, is always +1 in the case of G’ = USp(2M), while both
+1 and —1 are possible for G’ = SO(2M). Hence, all 2/ patches can be connected for
G’ = USp(2M). However, two patches which are related by the permutation P, with
det P, = —1 are disconnected since such a permutation is not an element of SO(2M) but of
O(2M) and thus there does not exist any transition function (V-transformation). There-
fore, we conclude that the patches for G’ = SO(2M) are divided into two disconnected parts
according to the sign of det P, = £1. In summary, the moduli space of the k = 1 vortex is

USp(2M)
U(M)

Mso@m) = C x Mgg(QM) = <(C X %)Jr U <(C X %) (3.16)

with C being the position moduli. The doubling of the moduli space in the SO(N) case

Muspanm) = Cx Mgponr = C x (3.15)

reflects the presence of a Zg topological charge for the vortex (see eq. (2.51)), so that
ori N Mori _ @
SO(2M),+ so@em).— = Y-

Furthermore, the structure of these moduli spaces seems to be consistent with the
GNOW duality [43]. The dual of USp(2M) is the Spin(2M + 1) group, with a single spinor
representation of multiplicity, 2M. In the case of SO(2M), its GNOW dual is Spin(2M),
where the smallest irreducible representations are the two spinor representations of
chirality +, each with multiplicity 2" ~!. Actually, the quotient SO(2M)/U(M) is just a
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Figure 2. The moduli spaces of the k = 1 local vortex.

space for a pure spinor in 2M dimensions [50]. Finally, by embedding the vortex theory
into an underlying theory with a larger gauge group which breaks to the group SO(2M) or
to USp(2M ), what is found here for the vortex moduli and their transformation properties
can be translated into the properties of the monopoles appearing at the ends, through
the homotopy matching argument [16, 26]. These aspects will be further discussed in a
separate article [51].

We have introduced the dual weight diagram ﬁ to represent the special moduli matrices
(representative vortex solutions), Héﬂ LBz fh M)(z) in section 2.2. Now we reinterpret them
in a slightly different way. The lattice points of the diagram can be thought of as a
representation of the patches of the space, where the origin of the local coordinates are

just given by these special points. For example, in the case of G’ = SO(2M), USp(2M),
1 1
CEREREID)
lattice points painted with the same color, namely the patches related by the permutation

the lattice point i = ( ) represents the patch given in eq. (3.8).1% Next we link the
P, with det P. = 4+1. The structure of the moduli space discussed above can easily be read
off from the dual weight diagram obtained this way.

The dual lattices formed by special points representatives of connected patches are
equal to lattices of irreducible representations of the dual group. On the contrary, two
disconnected parts of the moduli space (see Mson) in eq. (3.16)) nicely correspond to
distinct irreducible representations (two spinor representations of opposite chiralities). In
the case of composite vortices, we will find irreducible representations obtained by tensor
compositions of the fundamental ones. This picture holds for all the explicit cases we could
check (low rank groups), and is an important hint of a “semi-classical” emergence of the
GNOW duality from the vortex side.

3.1.1 Examples: G’ =S0(2),S0(4),SO(6) and G’ = USp(2),USp(4)

Let us illustrate the structure of the moduli spaces in some simple cases, see figure 2.
The U(1) x SO(2) ~ U(1)4+ x U(1)_ theory has two types of ANO vortices. One type
is characterized by m1(U(1)1) and the other of m(U(1)_). They are described by the
following moduli matrices

(% z—21 0 -1 1 0
Hy,* = Hy * = . 3.17

13This interpretation gives an intrinsic meaning to the special points . Furthermore, their number is

related (in many cases equal) to the Euler character of the moduli space.
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Because USp(2) ~ SU(2), the G’ = USp(2) vortex is indeed identical to the U(2) vortex

which has been well-studied in the literature. The orientational moduli are CP! ~ SU@2)

Q)
_1 1
Note that the special configurations Hé 2) _ diag(1, z) and HéQ) = diag(z,1) are fixed
points of the U(1) C SU(2) group generated by o3: U(1) = diag(e?,e~*). One can move
_1 1
from Hé 2) 4o Héz) by using SU(2)/U(1) and vice versa [25]:

10 1a 0 1/d z 0 10 )
<0 Z) (0 1) - <—1ﬂ : ) (0 1) (a’1> ; with ed’=1. (318)
e Y= —_—

(b SUR/UQ)  Vtranstormation ) SU)/U()
The corresponding dual weight diagram, shown in the bottom-left of figure 2, represents
the fundamental multiplet of the dual SU(2) group. It can be also interpreted as the toric
diagram of CP!.
Next consider G' = SO(4) vortices. We have two different vortices which are charac-
terized by the m1(SO(4)) = Zg-parity. The orientational moduli again turn out to be

cpl o SO SUE@) xSUE@) _ SU()
~ U@~ U1 xsSU@) U

(3.19)

1 1 11
,5,75) S

For instance, we find a similar relation between HO( and Hé”ﬁ)

15 15 bA bi4_1 z1g 1s . /
= th baby =15 . 3.20
< Zlg) < 12) <—bi4 212 12 b;‘ 12 ’ W ATA 2 ( )
—_———— — ~——

H(—%,—%) SO(4)/U(2)  V-transformation H(%,%) SO(4)/U(2)
0 0

The two special points (the two sites of the dual weight diagram) are again fixed points of
the U(1) symmetry, thus the dual weight diagram can be thought of as the toric diagram

for CP!. There are two CPs in this case, see figure 2. Furthermore, the diagram can

alternatively be thought of as representing the reducible (%,
the spinor Spin(4), which is the dual of SO(4).

The diagram for the G’ = USp(4) case consists of a single structure where all the 4

0) & (0, 1) representation of

points are connected

ori o USp(4)
USp(4) — U(2) )

(3.21)

This is consistent with the interpretation of the diagram in figure 2 as being the weight
lattice of the irreducible spinor representation 4 of SO(5), which is indeed the GNOW-dual
of USp(4) [43].

The last example is G’ = SO(6) (see figure 3). This is another neat example where
the orientational moduli are a well-known manifold and its dual weight diagram can be

identified with a toric diagram. The orientational moduli space is

ori _ SO(G) ~ SU(4)

%0 =T~ omxsuE " (3.22)
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Figure 3. The moduli spaces of the k = 1 local vortex in G’ = SO(6).

The corresponding dual weight diagram is shown in figure 3. There are two CP?’s similar
to the case of G’ = SO(4). From the toric diagram, one can easily find the CP! and CP?
subspaces which appear as edges and faces, respectively. Again these two separate parts of
the moduli spaces can be interpreted as the two spinor representations, 4 ¢ 4*, of opposite
chiralities of the dual group

Spin(6) ~ SU(4) .

3.2 The doubly-wound (k = 2) local vortex in G’ = SO(2M) and G’ = USp(2M)
theories

In the case of G’ = SO(2M), USp(2M) theories, the strong condition for the k = 2 vortices
located at 2z = 21 and z = 29 is of the form

Ho(2)YJHy(2) = P(2)J, P(2)=(z—21)(z — 22), (3.23)

which can equivalently be parametrized as

2
P(2) = (2 — 2)° — 5, zozz%””?, 5:(%) . (3.24)

Here z1 and z9 stand for the vortex positions which are where the scalar field becomes zero,
while zy and § are the center of mass and the relative position (separation) of two vortices,
respectively. Several examples of dual weight diagrams are given in figure 4.

We will now proceed to the doubly-wound (k = 2) vortices in U(1) x G’ gauge theories,
with G’ = SO(2M) or USp(2M). The SU(N)c4p-orbit structure of the moduli space of k
vortices in U(V) gauge theory was studied in ref. [27] using the Kéhler quotient construc-
tion of Hanany and Tong [7]. Here we study the orbit structure of the moduli space of k = 2
vortices for G’ = SO(2M) or USp(2M) more systematically by using the moduli matrix
formalism. Before going into the detail, let us recall the properties of the k = 2 ANO vor-
tices in the usual Abelian-Higgs model. They can be also studied using the moduli matrix
which, in this case is simply a holomorphic function in z, i.e. a second-order polynomial:

HMO) =22 —az+ 8= (2—21)(z — =), (3.25)
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Figure 4. The special points for the k = 2 vortex.

with o = 21 + 20 and 3 = z125. Since these two vortices are indeed identical, we cannot
distinguish them. In fact, the moduli matrix is invariant under the exchange of z; and zs.
Thus the corresponding moduli space is the symmetric product of C:

CxC
CP)

MERS = ~ C?/Z; . (3.26)

There is a nice property of the moduli matrix for the local vortices. Suppose H{ satisfies
the strong condition for k; local vortices, namely (H})TJH = P;(z)J with a polynomial
function of the k;-th power. Then the product of two matrices Héi’j ) = HéHS automatically
satisfies the strong condition for k = k; + k; local vortices: (Héi’j))TJHéi’j) = Pi(2)Pj(2)J.
In this way we can construct the moduli matrices for the higher winding number vortices
from those with the lower winding numbers, which was found in U(N) vortices [15, 16].
This feature implies that the moduli space for separated local vortices can be constructed
as a symmetric product of copies of those of a single local vortex:

Mk ((C X Mori)k

~ 2
sep Gk (3 7)

The consideration above is valid when the component vortices are separated even for small
vortex separations. When two or more vortex axes coalesce, the symmetric product de-
generates, and the topological structure of the moduli space undergoes a change. Thus the
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coincident case must be treated more carefully. We shall study the case of two coincident
vortices in detail in the next section.

Our study of the moduli matrix in the present work is complete up to k = 2 vortices
(k =1 for odd SO groups). The problem of a complete classification of the moduli matrix
for the higher winding number (k > 3) is left for future work.

The product of moduli matrices, especially for the G’ = SO(NV) case, gives us a natural
understanding in the following sense. The single G’ = SO(N) vortex has a Zg-parity +1
or —1. They are physically distinct, hence the k = 2 configuration is expected to be
classified into three categories by the Zo-parity of the component vortex as (Q(ZZ), Q(ZQQ)) =
(+1,41),(+1,—1),(=1,—1). The total Zs-parity of the configurations with (Q(le)’ Q(ZQQ)) =
(+1,41),(—1,—1) is +1 while that of (Q(ZZ), Q(Zi)) = (+1,—1) is —1. Therefore, the former
and the latter are disconnected. An interesting question is whether (Q(ZIQ), Q(Z?) = (+1,+1)
and (—1,—1) are connected or not. The naive answer would be yes, because the two
solutions represent two equivalent objects from the topological point of view. However,
the true answer, as we will show, is subtler, and is different for the local and semi-local
cases. For the latter case, the two moduli spaces are smoothly connected and in fact are
the same space. More interestingly, in the local case they represent two different spaces
which intersect at some submanifold. As we shall see, this result is compatible with the
interpretation that weight lattices formed by connected special points are in correspondence
with irreducible representations of the dual group [21].1

The patch structure for the & = 2 local vortices in generic G’ = SO(2M), USp(2M) the-
ories is rather complex. In this subsection, we just present the result without details. The
result will be discussed again when we shall consider the generic configurations satisfying
the weak condition (2.22) in section 4. The moduli matrix in a generic patch takes the form

r M—r P(Z)lr 0 0 0
Hé(\lm)(z) _ Bi(z) (z—20)lp— +T11 0 INP) . (3.28)
A(Z) Cy 1, Cy
Bs(z) Lo 0 (z—20)1p—r + a2
A(2) = a1,4,8 2+ agas + Asa (3.29)

1(% C1T
(gQEzD = — ((z = 20)Loas—r) + T) Jo(asr—r) <02T> ; (3.30)
T

_ (T The (3.31)
Ly Tpp )’

where a4 5 (1 =0,1) is an r X r constant (anti-)symmetric matrix, C; is an r x (M —r)
constant matrix and we have defined

1 Cir . 1y—n
As,a = —5(Cr, C2) o) cr) Som—r) = 1y, : (3.32)

MThe fact that there is no topology which can explain this disconnection somehow enforces our interpre-
tation in terms of the dual group.
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The strong condition is now translated into the following form
PTJQ(M_T) + JZ(M—T‘)P = 0, PQ = (5 12(M—7’) s (TI‘ I'= 0) . (333)

Solutions to this condition for separated vortices are discussed in appendix C.1. It is a
hard task to study the moduli space collecting all the patches, for generic SO(2M) and
USp(2M). A complete analysis of the moduli space in several cases will be given later.
Some of the moduli parameters in eq. (3.28) are the Nambu-Goldstone (NG) modes
associated with global symmetry breaking and the rest are interpreted as so-called quasi-
NG modes [52]. The former is, for instance, the overall orientation of the two vortices and
the center of mass. The relative separation between two local vortices (C) and some of the
relative orientational modes are typical examples of the latter. For two coincident vortices
the situation is subtler, but in general there will still be a set of NG modes generated by

the G 4 symmetry, while the remaining modes are quasi-NG modes. As we will see in

%} or [%] —1 for SO(2M) and M for

USp(2M ), which was actually difficult to find without using the moduli matrix formalism.

the following, the number of the quasi-NG modes is [

3.2.1 G6+F—orbits for coincident vortices

Let us now specialize to the case of the k = 2 co-axial (axially symmetric) vortices. The

details of the analysis can be found in appendix C.2. Consider a special moduli matrix

T M—r
(1,..,1,0,...,0) : 2 2
Hy oot e :dlag(z N1 ,z,...,z,l,...,l,z,...,z). (3.34)
—— N N N —
r M—r r M—r

Clearly, this vortex breaks the color-flavor symmetry as
SO(2M) — U(r) x SO(2(M —r)), USp(2M) — U(r) x USp(2(M —r)) . (3.35)

Thus depending on r (r =0,1,..., M), we have M + 1 different GQHF orbits. Each orbit
reflects the NG modes associated with the symmetry breaking. The different orbits are
connected by the quasi-NG modes which are unrelated to symmetry. The total space is
stratified with G, 4p-orbits as leaves. To see this, let us consider the following moduli

matrix (for G’ = SO(2M)):

2’21]\/[_2 ZQIM_Q
1 oo\ 21
Hy = w2 RE I w2 . (3.36)
1y—2 1y—2
219 —2‘0'2)\712’ 15
1y—o
1 —109\
V= w2 12 e 80(2M) . (3.37)
1y—o
—’L.O'Q)\il 0y
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We can always take A to be non-negative and real R~y by means of the color-flavor rotation

1y—o

a12

Hy—U'HU, U= € SO(2M) . (3.38)

1p-2
aillg

In two limits A — 0 and A — oo, the moduli matrix (3.36) reduces to the special ma-
trix (3.34) with » = M — 2 and r = M, respectively. The orbit with intermediate values
0 < A < 0o corresponds to the symmetry breaking pattern

SO(2M)
UM —2) x USp(2)

(3.39)

In fact, the moduli matrix (3.36) is left invariant under the USp(2) € SO(2M)cir
transformations

U= g € SO2M) , g (ioa)g = ios . (3.40)
Iy—o
T

Y
Therefore, the quasi-NG mode A connects two different SO(2M )c4r orbits:

SO(2M) A—0 SO(2M) A—o00 SO(2M)
Ty R0 X G oy xusp@) 2 T U= 2) x SO@)

,(3.41)

where the Zy factor indicates a permutation, P~'HqP with P € O(2M)/SO(2M). This
permutation does not belong to the SO(2M)c4r symmetry, nonetheless it generates a
new moduli matrix solution. We thus see, as explained before, how the moduli space of
coincident vortices of positive chirality is generically made of two disconnected parts. If
M —r # 0, such a permutation acts trivially or can be pulled back by an SO(2M) rotation
on Hy. At these special points the two copies coalesce. Nonetheless we must interpret the
two spaces as defining two different composite states of vortices: (4+1,+1) and a (—1,—1).
This interpretation is fully consistent if one studies interactions in the range of validity of
the moduli space approximation [58]. It is easy to realize that, in this approximation, the
chirality of each of the component vortices is conserved: two composite states of vortices
(+1,41) and (—1,—1) do not interact, even if their trajectories in the moduli space pass
through an intersection submanifold!®

At the intersection, the dimension of the manifold always reduces by

[dim Rsg — dim USp(2)] — (—dim SO(4)) =4 .

5The question if (or how) these vortices interact beyond the moduli space approximation, and in partic-
ular at the quantum level, is an interesting open question. See also a comment related to this issue at the
end of the Conclusion.
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This can easily be extended to the following moduli matrix, with t,a € Z>q

Z2lt

2 ~ o~
HO _ ; 2L M —t—2a - , A — L , (342)
t ~
ZA 12a )\5 2ps
0 21pr—t—2a

where Jop, is the invariant tensor of USp(2p;) and

s
a:Zﬁi, t+2a < M, 0<5\i<5\i+1- (3.43)
=1

An arbitrary patch (3.28) with 6 = 0 in the SO(2M) case, can be brought onto the above

form as explained in appendix C.2. The set of numbers (¢, s, p;) and the quasi-NG modes \;

are, of course, independent of  which indicates the patch which we take as a starting point.
Note that this is invariant with respect to the group [];_; USp(2p;) € SO(2M)c4r

U= blOCk_dia‘g <1t7 g;ﬁll7 s 79275157 ]-M—t—QOm 1t7 ggﬁla s 792T]357 1M—t—2a) ) (344)
with gQTﬁi Jop, 925, = Jap,. Therefore, the local structure of the SO(2M)-orbit has the form

. 0(2M)
B0 X G0 T, USp(@a) < OCa)

S
, owith t4u+2) pi=M.  (345)

i=1

When we take the limit A\; — 0, a subgroup U(t) x USp(2p;) of the isotropy group gets
enhanced to U(t+ 2p;) and the orbit shrinks, thus the local structure around the new orbit
is given by changing the indices in eq. (3.45) as follows
L o~ ~ A1 —0 A A~ AN ~ L~ ~
(S,tauaplap2a"'aps) - (S7t’uﬂpi)_(8_1’t+2p15u7p2a"'7p3) . (346)
In the opposite limit where A, — 0o, another subgroup USp(2ps) x SO(2u) of the isotropy
group is getting enlarged to SO(2u + 4ps), hence the local structure around this new orbit
is obtained by
. _ - Xs— - . _
(Sat,u;pla--'apsflaps) —>OO (S/I’t”’u”;p;/) = (5_ 1’tau+2ps;pla--'>psfl)- (347)
By choosing various ¢, p; and taking the limits N\ — 0, 0o, we can reach all the points of the
moduli space. However, since these transitions are always induced by the 2p; x 2p; matrix
jgﬁi, the patches with only an even number of 2%’s in the diagonal element are connected.
Analogously, the patches with an odd number of 22’s are mutually connected. Nevertheless,

the former and latter remain disconnected and this of course is just a consequence of the
different chiralities (Zy topological factor).
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SO(2M) = SO(4m)

SO(4m) SO(4m) SO(4m)
U(2m—2)xUSp(2) U(2m—4)xUSp(2)xS0O(4) USp(2)xSO(4m—4)
SO(4m) SO(4m) SO(4m) SO (4m) 1
U(2m) U(2m—2)xSO(4) U(2m—4)xSO(8) U(2)xSO(4m—4)
2m 2m — 2 2m —4 2 0
r i i i i i i i i i
2m —1 2m — 3 3 1
SO(4m) SO(4m) SO(4m) SO(4m)
U@m-1)x50(2)  U@@m—3)x50(6) UB)x80(dm—6)  U(1)xSO0(dm—2)
@ 50(4m) — - @ 50(4m) @
U(2m—3)xUSp(2)xSO(2) U(1)xUSp(2)xSO(4m—6)

SO(2M) = SO(4m + 2)

SO(4m+2) SO(4m+2)
U(2m—1)xUSp(2) U(1)xUSp(2)xSO(4m—6)
SO(4m+2) S0(4m+2) SO (4m+2) SO(4m+2)
U@2m+1) U2m—-1)x50(d) U(3)xS0(dm—6) U(1)xS0(dm—2)
2m + 1 2m — 1 2m — 3 3 1
r . . . . . . . . .
2m 2m — 2 2 0
SO(4m+2) SO(4m+2) SO(4m+2)
U(2m)xS0(2) U (2m—2)xS0(6) U(2)xSO(dm—2) 1
@ SO(4m+2) — - @ SO(4m+2) @
U(2m—2)xUSp(2)xSO(2) USp(2)xSO(4m—2)

Figure 5. Sequences of the k& = 2 vortices in SO(4m) and SO(4m+2). The sites (circles) correspond
to the special orbits of eq. (3.36) and the links connecting them denote the insertion of the minimal
pieces \;.Jo such as in eq. (3.42).

For instance, by inserting a minimal extension, i.e. the following piece, A.Ja, the special

orbits in eq. (3.34) can sequentially be shifted as

2

diag(2?,...,2%,2%,2%,1,...,1,1,1) — diag(2?,...,2%,2,2,1,...,1,2,2) — ---

— diag(z,...,2z,2++,2) .
However, the connection pattern depends on whether SO(2M) = SO(4m) or SO(4m + 2),

see figure 5. At a generic point (p; = 1, s = m) where the color-flavor symmetry is

maximally broken the corresponding moduli spaces can locally be written as

SO(4m)

k=2, ori _ mm

MSO(4m),+ = R x 7USp(2)m X L , (3.48)
—9 ori _ SO(4m)
k=2, ori Y

Msofim).- = Bzo™ U(1) x USp(2)™~1 x SO(2)’ (3.49)
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SO(4m + 2)

k=2, ori _ mm

MSO(4m+2)7+ - H§>0 X U(l) % USp(Q)m X ZQ, (350)
k=2, ori _ mm SO(4m + 2)

MSO(4m+2),— = Ry X USp(2)™ x SO(2) (3.51)

The two copies of the moduli space, in the case of positive chirality, intersect at some
submanifold if M # 1. The dimensions of these moduli spaces are summarized as

. k=2,0ri | _ ag2
dimg [ Mo L] = M? = M . (3.52)

Taking the vortex position into account, the complex dimension of the full moduli space is
M? — M + 2 which is nothing but twice the dimension of the & = 1 moduli space.

In the case of vortices in USp(2M) theory, we can bring a generic moduli matrix onto
the following form

2'21t
2
z 1,3 . )\11131
Hy = EM-top , A= (3.53)
0 1; -
Z]\ 15 )\81733
0 Z].M,t,ﬁ
with
s ~ ~
B=> i t+B<M, 0<X <A (3.54)
i=1
This matrix is invariant under [[[;_, O(p;)] € USp(2M)
U = block-diag <1t,gg11, OO =S DYSPIS P Y 1M_t_ﬁ) : (3.55)

with g}fl_ gp; = 1p,. Therefore, the local structure around the USp(2M) orbit is given by

. USp(2M)
o0 X G X I, 0G)] < USp(2a)

S
, with t+u+) pi=M. (3.56)

i=1

In the limit A\; — 0, the local structures of the orbit changes according to

5\1_—;0 ( /

(Sat’u;ﬁl,ﬁ%' .. aﬁs) S at/aul;ﬁ;) = (5 - 1?t +ﬁ1,u;ﬁ2" . >ﬁ3) . (357)

On the other hand, in the opposite limit Ay — oo, the local structure of the orbit becomes

~ - - As— - - ~
(s7t7u;p17"'7p8—17p8) _>OO (Sﬂatﬂauﬂ;p;’) - (S_ 17t7u+p8;p17"'7p8—1) (358)
Since the minimal insertion is a real positive number A, all the special orbits are
connected, contrary to the case of the SO(2M) vortices. This is consistent with the fact

that there is no Zo-parity in the USp(2M) case.
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(0,2) (1,1) (2,0)

S0(2) USp(2) ~ SU(2)

Figure 6. The k = 2 local vortices for G’ = SO(2), USp(2).

At the most generic point where 0 < A\; < --- < Ay, the color-flavor symmetry is
broken down to the discrete subgroup Z2,

(3.59)

We can read off the dimensions of moduli space for the £ = 2 co-axial local USp(2M)
vortices from this

_ vori 1 M 2M(2M +1)
dime | Mgt = 5+

3.2.2 Examples: G’ =S0(2),S0(4) and G’ = USp(2),USp(4)

k = 2 local vortices for G’ = SO(2), USp(2)

Let us first consider the G’ = SO(2) theory. Although there is no Zs-parity due to the fact
that 71(SO(2)) = Z, there are nevertheless two distinct classes of vortices characterized
by m(U(1)4) and 71 (U(1)-) with U(1) x SO(2) ~ U(1);+ x U(1)_. Thus there are three
possible k£ = 2 configurations. (m(U(1)1),71(U(1)-)) = {(2,0),(0,2),(1,1)}, see figure 6.
The corresponding moduli matrices are given by

+1) _ (P(2) 0 -ny_(1 0 ©_(#== 0
0 < 0 1)° 0 0P(2))’ 0 0 z—2 (3:61)

Clearly, z; and z9 are not distinguishable in the first two matrices while they are in the

=M+ M. (3.60)

third matrix. This reflects the fact that the configuration consists of two identical vortices
and two different vortices, in the two respective cases. Therefore, the moduli space is made
of three disconnected pieces

k=2 _ 4 (2,0 (0,2) (1,1)
MSO%Q) - MSO(Q) U MSO(Q) U Mso(g) ) (3.62)

where these spaces are defined by

MGy = (Mg x Miglh) /62 = (Cx ©)/8, = C2/25, (3.63)

Mgty = (M) x M) /82 = (€ x €) /8, = €/, (3.64)
0D 00 o 01

Mso) = Mso) X Msoe) = c? (3.65)

The Zo factor gives rise to crucial differences in the interactions between these vortices.
For instance, a head-on collision of two identical local vortices in Méoo()Q) or Mé%Q()Q) leads
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(-1,1) (1,1)

(-1,-1) (1,-1)

Zo-parity: +1 Zo-parity: —1

Figure 7. The patches of the k = 2 local vortices in G’ = SO(4).

to a 90 degree scattering, while such a collision of the two different local vortices living
in Mél(’)l()Q) would be transparent, which yields opposite results for the reconnection of two
colliding vortex-strings [28]. Again, this result is a consequence of the fact that vortices
with different chiralities must be considered as different, and non-interacting objects.

The next example is G’ = USp(2). As was noted earlier the vortices in the
G’ = USp(2) theory are the ones thoroughly studied due to USp(2) = SU(2). The moduli
spaces including the patches and the transition functions for the k = 2 vortices, in terms
of the moduli matrix, are given in ref. [15, 16]. We shall not repeat the discussion here.
The result is [15, 16]

MI;gé,;eparated ~ (C « CP1)2/62,

Misggégoincident ~C x W(CP(22,1,1) ~C x CP?/Z, . (3.66)

The dual weight diagram for this case is shown in figure 6.

k = 2 local vortices for G’ = SO(4)

Let us now consider G = SO(4). As can be seen from figure 4, there are 9 special points
in the entire moduli space. Five out of them have @)z, = +1, and the other four have

Qz, = —1.
Note that the isomorphism SO(4) ~ [SU(2); x SU(2)_]/Z2 can indeed be complex-
ified as

SO(4)® ~ [SL(2,C), x SL(2,C)_]/Zs,
[U(1) x SO(4)]%/Zy ~ [GL(2,C), x GL(2,C)_]/C* . (3.67)

In fact, an arbitrary matrix X satisfying XTJX o J can always be rewritten as

X = o (A® Bl = £, (A)f_(B) = f_(B)f+(A),
1
fr(A) =0 A®1y)0, f (B)=0c'(12@B)s, o= 1 (3.68)
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where A, B € GL(2,C) and f+ define maps from GL(2,C)+ to [U(1) x SO(4)]/Zy. The
elements of GL(2,C)y, f1(A), are related by the odd parity permutation

1
P (AP = f+(A), P= L (det P = —1) . (3.69)
1

Fixed points of this permutation are given by A o 1s. This complexified isomorphism
tells us that a moduli matrix for G’ = SO(4) obeying the strong condition can always
be decomposed to a couple of the moduli matrices for G’ = SU(2) which have been
well-studied. This fact simplifies the analysis of the moduli space in the present case.
For instance, fi are maps from the moduli matrix for k¥ = 1,G’ = SU(2) to those of
k =1,50(4) with the parity Qz, = £1, since fy(diag(z,1)) = diag(z, z,1,1).

Consider first the Yz, = +1 patches. There are corresponding patches of the four spe-
cial points i = (£1,+1), (£1,F1). The (1, 1)-patch is explicitly given by the moduli matrix

22+ b1z + by
2
+ b1z + by
abY — : 3.70
0 —ng — b4 1 ’ ( )

bgz + b4 1

with (2 — 21)(2 — 22) = 22 + b1z + by. The rest of the patches Ho(l’_l)7 Hé_l’l), Ho(_l’_l) can
be obtained by appropriate permutations of Ho(l’l). Note that the special point ﬁ = (0,0)
of the moduli space has two different vicinities which we call the (0,0)-patch and the
(0,0)_-patch, that is, the point 0= (0,0) is on an intersection of two submanifolds. In
fact, we find that the two different matrices

/ /!

z—a a4 z—ay a}
HPO+ — Zoar —ag N TCORN Bt B N
as z—as z—ahy ah
—as z —as —a), z—aj
(3.71)
with
(2 —21)(z — 22) = (z —a1)(2 — a2) + agag = (z — a})(z — @) + ajaly , (3.72)

are connected at the points where a3 = a4 = a4 = ), = 0 and a1 = a2 = a} = d), only. As
mentioned, these concrete expressions for the patches can be obtained by the maps from
those of the G’ = SU(2) case as follows

HYOt = fo D @), HG = O @)), HT T = £ 00), (3.73)
HYO™ = a0 (@), = = Ow),  H = (D), (3.74)
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where h(**) (a;) are the moduli matrices for G’ = SU(2), k = 2,

zZ — al aq
h(l’l)(ai) = ( —as z—a2> ’

2
20)(py _ [# T0iz+020 ©02).y_ (1 @zta
=) ( bsz4+by 1) o) 0z2+ciz2+ca) (3:75)

The transition functions among these patches are given by the V-transformation (2.26)
with V(z) = fr(Vi(2))f-(V_(z)) where Vi(z) are those of G' = SU(2), i.e. they are
exactly the same as in the SU(2) case [10, 11, 15]. Now, connectedness of the patches is
manifest since we know the moduli space for G’ = SU(2) is indeed simply connected. The
three patches in eq. (3.73) compose a submanifold M§3%4),++
MSO(4) . The moduli space with @z, = +1, therefore, can be expressed as

and eq. (3.74) composes

M (4)+ —MSO(4) ++UMSO(4) ) Mso<4) 4t —M30(4) _ MSU(Q) (3.76)

where Msﬁ(z) is shown in eq. (3.66). As we have shown, these two submanifolds intersect
at the fixed point of the permutation (3.69) in the (0,0)-patch and the (0,0)_-patch

where C describes the position of the two coincident local vortices, a3 = as = a} = db.
Note that by comparing the right panel of figure 6 and the left panel of figure 7 (with a
+45 degrees rotation), it is easily seen that the k = 2, U(2) moduli spaces are embedded
in that of the SO(4) theory.

Let us next study the transition functions among the @z, = —1 patches, (1,0)-(0,1)-
(—1,0)-(0,—1). The general form of the moduli matrix in the (1,0)-patch is:

(z—2z1)(z — 22)
—do(z—21) z—2x,

H O = [ e d0) S (O () = | T T T (37)
—di(z — 29) Z— 29
while the other three are
HY = fo (00 (21, d0) f- (RO (29, €0)),
HP ™D = (O (21, e0)) f- (B0 (22, o))
HEHY = (0D (21, e0)) f- (MO (29, e)) (3.79)
where 19 and A1) are the two patches of MgalQ) ~ C x CP!,
(1,0) Z =20 (0,1) / =
h (20, b) = ;o W (20,0) = : (3-80)
—b 1 zZ— 2
Hence, we can conclude that the moduli space of the & = 2 local vortices with (07, = —1 is
- 2
MEG =~ (MEGy)? ~ (CxCPY)” . (3.81)
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Figure 8. The dual weight lattice for k = 1,2, 3,4, 5 vortices in G’ = SO(4).

This can be also understood from the dual weight diagrams in figures 2 and 7.

The difference between the moduli spaces in eq. (3.76) and eq. (3.81) can be understood
as follows. Recall that there exist two kinds of minimal vortices in G = SO(2M) theory,
namely one for SU(2)1 with Qz, = +1 and another for SU(2)_ with Qz, = —1, see figure 2.
We can then choose two vortices with either the same or a different Zs-parity in composing
the k£ = 2 vortex. Two vortices with the same parity can be regarded as physically identical,
while those with different parities are distinct. In the case of two identical vortices, the
moduli space should be a symmetric product, namely given by eq. (3.76). Since the total
parity Q%QZQ = +1 can be made of (Q(ZIQ),Q(Z?) = (4+1,+1) and (—1,—1), one finds two
copies, as in eq. (3.76). In contrast, there is only one possibility for ngz = —1, namely
(Q(ZB,Q(Z?) = (+1,—1). The dual weight diagrams are thus quite useful. As a further
illustration, let us show the diagrams for some higher-winding vortices with G’ = SO(4) in
figure 8, without going into any detail.

k = 2 local vortices for G’ = USp(4)

Consider now the k = 2 local vortices for G’ = USp(4). Since the moduli for a single
(k = 1) local vortex requires four parameters, we expect that the k = 2 configurations need
eight. The moduli matrices including the special points as the origin are of the form

H® = (2 - 2)14+ A, (3.82)
P(2) 0O 0 0
(1,0) bsbe — ba(z — 20 +b5) z—20+0b50 be
H = 3.83
0 b1z + by b3 1 bs ’ ( )

—b4b7+bg(z—20—b5) b7 0 Z—Zo—b5
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with P(2) = (2 — 20)? — 6 = (2 — 20)? — (b2 + bgb7) and

P(z) 0 00
0 P(z) 00
c3z2+cqg c52+cg 10
csz+cg crz+cg 01

qgM = , (3.84)

where P(z) = 22 + ¢12 + co. All other patches are connected and can be obtained by
suitable permutations. The moduli matrices Hél’l), H®9 depend on eight free parameters,
as expected. The strong condition is already solved by them, and thus these patches are
C8. The moduli matrix HO(O’O) has however a more complicated form. The strong condition
turns out to be:

AYT+JA=0, A®=9614. (3.85)

The first condition tells that A takes a value in the algebra of USp(4), so

— A gy a3 ais
al2+a.
- aij2—asq :
az4 azs B} a45
+
azs —agz  —ags LR

Now A has 10 parameters. The second set of constraints comes from imposing the Pliicker
condition on a;; = —aj; (i,j =1,2,3,4,5)

Q5K — QiG] + Qa5 = 0. (3.87)

Note that the number of linearly independent conditions is three, hence seven parameters
out of ten in the matrix A are linearly independent. Those together with zg, yield eight
degrees of freedom, indeed as expected. In this patch, ¢ depends on a;; as follows

1

0= 1 (a12 — asa)” + a13a24 — assass + arsazs - (3.88)

Thus the patch H©9 is expressed as

0,00y {B|B :2 x5 matrix} . {B|B:2 x5 matrix}\
{Hy ) = Cx SL(2,C) R G GL(2,C) =
B|B : 2 x 5 matrix of rank 2
~ C x ((C X {B] GLE.0) }> =Cx (CxGrs2) . (3.89)

The last term in the bracket is a cone whose base space is a U(1) fibration of Grss.
The tip of this cone corresponds to the origin of the patch, where a;; = 0, which is thus
a conical singularity in the moduli space. Notice that this is a true singularity of the
classical metric on the moduli space. It comes out by applying the strong condition on
a smooth set of coordinates [28]. It is an interesting open problem how this singularity
affects the interactions of vortices. The transition functions between these patches are
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SO(4)

Figure 9. Comparison between the single (minimum-winding) vortices in G’ = SO(4) and G’ =
SO(5) theories.

easily obtained, for instance, by requiring that V(z) = HUD(H0)~! be regular with

respect to z

b2
¢ = —2z, cy=25—b} —bebr, c3=0by+ i, cq4 =by — %(b3b4b6 — b3(bs — 20)),
by by 1 1
= —— =by — —(bs — = — = —(bs — . .
5 b’ ce = b3 b6( 5 — 20), C1 b’ cs b6( 5 — 20) (3.90)
The parameters in H®0) are transformed to a;j = B1;Byj — B9; By of H©.0) a5
B ~ L 1 b% — bi1by 0 —by — Z()b; + bgby + b1bs —b3 ‘ (391)
\/a 0 —b2 - Z()b1 - b3b4 - b1b5 1 —b4 — b1b6 b4

3.3 The k =1 local vortex for G' = SO(2M + 1)

Let us now consider the vortex solutions of the G’ = SO(2M + 1) theory. The strong
condition for the k = 1 local vortex positioned at the origin in G’ = SO(2M + 1) is given
by eq. (3.1) with ng = 1. It is very similar to the condition eq. (3.23) for the k = 2
coincident vortices (21 = 2 = 0) in G' = SO(2M)

HyJHy = 2% . (3.92)

This implies that the complexity of a single local SO(2M + 1) vortex is almost the same as
in the case of the k = 2 co-axial SO(2M) vortices. Indeed, the corresponding dual weight
diagrams, see figures 1 and 4, for instance, are the same.

If however we restrict ourselves to the case of the minimal vortex, there is a startling
difference between the case of SO(2M) and that of SO(2M + 1). Consider the dual weight
diagrams in these two types of theories. In the case of the SO(2M) theory, all the weight
vectors have the same length || = M /4, whereas those for the SO(2M + 1) local vortices
have different lengths |f|? from 0 to M, see figure 9 for SO(4) and SO(5). The M — 1
dimensional sphere represents an orbit of G,y = SO(2M) or G, p = SO(2M + 1) which
is nothing but the internal orientation moduli. In the case of G' = SO(2M), the single
vortex has only one orbit, hence the moduli space consists of the position C and the broken
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color-flavor symmetry SO(2M)/U(M). On the other hand, in the case of G’ = SO(2M +1),
there exist multiple orbits corresponding to the NG modes, and furthermore the quasi-NG
modes connecting them. For concreteness, let us consider the following moduli matrix

r M—r
(1,..,1,0,...,0) . 2 2
Hy oo o (z):dlag(z ey Z ,z,...,z,l,...,l,z,...,z,z), (3.93)
—_————— ——— ——— ——
T M—r r M—r

where 7 takes on integer values from 0 to M. We now act with the color-flavor symmetry
c+r = SO(2M + 1) on the moduli matrix from the right. Hence, the U(r) subgroup in
SO(2M + 1) can be absorbed by the V-transformation (2.26):

Uy = gt € U(r) c SO(2M +1), geU(r). (3.94)
1y
1
The other subgroup SO(2(M — r) + 1) € SO(2M + 1) can be also absorbed by a V-
transformation. Thus the orbit including the special point (3.93) is [21]
SO(2M +1)
U(r) x SO2(M —r)+1)

The orbit continuously connects the special points corresponding to the dual weight

MG, = (3.95)

vectors of the same lengths, see figure 9. Although the internal moduli spaces (3.95) with
different r’s are not connected by the action of SO(2M + 1); these are indeed connected
by quasi-NG modes.

The complete moduli space for the k = 1, SO(2M + 1) vortex is very similar to that
of k = 2 co-axial SO(2M) vortices which have been studied in section 3.2.1. A generic
solution to the strong condition (3.92) is given by

. My (z — 20)°1, 0 0 0
TR Bi(z) (2—20)lp—r+T11 O r
H( 1,...,1,0,...,0) _ 1 o)A M—r 11 12 3.96
0 (Z) A(Z) Cl 17" 02 ) ( )
By(z) Iy 0 (2 —20)Lar—rr1+T2
A(z) = ar,a2z +aga + s, (3.97)
= — — 1o/ ) Jornr_ 3.98
<B2(Z)> ((Z 20) 2M—r)+1 T+ ) 2(M—r)+1 <CQT ) ( )
INTR D)
r= , 3.99
<F21 PZQ) (3:99)

where a;.4 (i = 0,1) are r X r constant anti-symmetric matrices, C; is an r x (M —r)
constant matrix, Co is an r X (M — r + 1) constant matrix, and we have defined

]-Mfr

CT
1>, Jom—ry1 = | Lar—r . (3.100)

1
As = _5(01’ CQ) J2(Mfr)+1 (C;
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The strong condition is now translated into the following form
T Joi—ry1 + Joui-ry1 I =0, IT?=0. (3.101)

All moduli parameters are included in a;4,C;,I'. As in the case of k = 2 co-axial
G’ =S0(2M) vortices (see appendix C.2), ag.4 and C; can be removed by an appropriate
color-flavor rotation and I satisfying the strong condition (3.101) can be written as (up to
SO(2M + 1)c4+r rotations)

A

OMfrf%/
I~ | 0y . A =ioy @diag (M1y,,...,Ag1p,) , (3.102)

OM—r—Z'y

0

with A; > Aip1 > 0 and 2y (< 2(M — r) + 1) being the rank of I (y = >°7 , p;). By
making use of the V-transformation and the SO(2M + 1)c4+r symmetry, we finally obtain
the following moduli matrix

221, 94 O 0 0 0 010 0 0

0 221y, O 0 0 010 0 0

0 0 [2%1y, 0 0 010 0 0

0 0 0 zlpy—r2f O 010 0 0
Hy = 0 0 0 0 1,94 0] 0 0 0], (3.103)

0 Nz| 0 0 0 1] 0 0 0

0 0 [A 1z 0 0 0|1y 0 0

0 0 0 0 0|0 zlpy 2,0

0 0 o [ o ofo 0o =

where we have diagonalized a4 as

ara = uhuT, N =iy ® diag <X11p,1, . ,A;,lp,q,> . weU2a),  (3.104)

with 2a being the rank of a;.4 and 2o = 2 Zglzl p,. Let us now rearrange the eigenvalues

{)\;1,)\;} as

diag(A',A™1) = iop @ diag (mﬁl, . ,mﬁs) . e > Aas1 >0, (3.105)
and redefine t = r — 2o, u = M — r — 2y with the constraint:
S
stu€Lso, Pi€Lso, t+u+2» pi=M, (3.106)
i=1

such that the r-dependence in the form of eq. (3.103) disappears. We conclude that the
moduli space of vortices is (apart from the center of mass position):

k=1,ori
MSO(2(J)\21+1) = U Ry X Ot up; » (3.107)
{t,u,p;] eq. (3.106)}
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SO@M + 1) = SO(4m + 1)

SO(4m+1)
U(2m—2)xUSp(2)

SO(4m+1)
U2m—1)xUSp(2)xS0(5)

SO(4m+1)
USp(2)xSO(4m—3)

SO(4m+1) SO(4m+1) SO(4m+1) SO(4m+1) 1
U(2m) U(2m—2)xSO(5) U(2m—4)xSO(9) U(2)xSO(4m—3)
2m 2m — 2 2m —4 2 0
r t t t t t t t t t
2m —1 2m —3 3 1
SO(4m+1) SO(4m+1) SO(4m+1) SO(4m+1)

U(2m—1)xSO(3)

@ SO(4m+1) @

U(@m—3)xUSp(2)xS0(3)

U@m—3)x50(7)

SO@2M + 1) = SO(4m + 3)

SO(4m+3)
U(2m—1)xUSp(2)

U(3)x SO(4m—5)

@ SO(4m+1) @

UM xUSp(2)x SO(dm—5)

U)xSO(@m—1)

SO(4m+3)
U xUSp(2)x SO(dm—6)

SO(4m—+3) SO(4m+3) SO(4m~+3) SO(4m—+3)
U2m+1) U(2m—1)xS0(5) U(3)xSO(4m—6) U()xSO(dm—2)
2m + 1 2m — 1 2m — 3 3 1
r t t t t t t t t
2m 2m — 2 2 0
SO(4m+3) SO(4m+3) SO(4m+3)
U(2m)xSO(3) U(2m—2)xS0(7) U(2)xSO(dm—1) 1

. SO(4m+3) .

U(2m—2)xUSp(2)xSO(3)

SO(4m+3) @
USp(2) xSO(dm—1)

Figure 10. Sequences of the k = 1 vortices for SO(4m + 1) and for SO(4m + 3) theories.

SO(2M + 1)

Otvuvﬁi =

U(t) x SO2u+1) x [[5_; USp(2p,)

Note that there does not appear any Zs factor contrary to the SO(2M) case since

P = diag(1,...,1,—1) € O(2M + 1)/SO(2M + 1)

acts trivially on Hy in eq. (3.103). The special orbits in eq. (3.95) are obtained simply by

choosing s = 0. A sequence of the moduli space is given in figure 10. At the most generic

points, the moduli spaces are locally of the form

SO(4m + 1)

k=1,ori _ m
Msom+1),+ = R0 USp(2)™
. ) SO(4m + 1)
k=1,ori _ mm—1
Mso(imtn),— = Rig ™ % U(1) x USp(2)™—1 x SO(3)”’
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SO(4m + 3)

Mo iimis ¢ = R x T(D) < USp)™ (3.111)
MG sy = RZg x Usi(()z()ibm;s?()))(g) : (3.112)
The dimensions of the moduli spaces are then summarized as
dime {Mgg%ﬁ;fi-ﬂ),-ﬁ-] = M?, (3.113)
dimc {MSS@‘EH),?] =M*—1. (3.114)

3.3.1 Examples: G' =S0(3),S0(5)
k =1 local vortex for G' = SO(3)

Let us discuss the simplest example, viz. G’ = SO(3). In this model there are two patches
having )z, = +1. The moduli matrices take the respective forms

22 0 0
HY = f5(0090,0)) = [ —a® 1v2a|, HY = f06000,6) . (3.115)
—\/5@20 z

where h**)(zg, a) are the two patches (3.80) of MSU(Q) and the map f3 is defined by

d 2 —d?  \2cd
f3: A= <c ) € GL(2,C) — f3(A) = | —e* 2 —V2ef |, (3.116)
cf V2ce —2df cf + de

and expresses the isomorphism GL(2,C)/Zy ~ [U(1) x SO(3)]®. On the other hand, there
exists just a single patch with @)z, = —1. This “patch” actually contains only a point

= f3(Vz12) = 215 . (3.117)

This vortex does not break the color-flavor symmetry G, p = SO(3): it is an Abelian
vortex i.e. not having any orientational moduli. Hence, the moduli spaces Mgg%?)) L are

MSO(B )t = Mlscﬁé) ~CxCP', Mso(g ~C. (3.118)

Note that f3 always maps the moduli matrix of G’ = SU(2) to that of G’ = SO(3) with
QZQ =+L

We have seen very similar dual weight diagrams for k£ = 2, SO(2),USp(2) and k = 1,
SO(3) vortices. All of them consist of three sites on a straight line. However, when the
connectedness is taken into account, they are quite different, see figure 11. The three points
are isolated in the SO(2) case while they are all connected in the USp(2) case. In the case of
SO(3), they split into two diagrams. One is a singlet and the other has two sites mutually
connected, which describes CP!.
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-1 0 1 -1 0 1 -1 0 1
————O0—— —O0 o— ————O0——
| ~ (CPY)?/6, |

r-—-———=—-=-=-=-—"=-—"=-=-=-=-= 1 r-—-———=—-=-=-=-—"=-—"=-=-=-=-= 1
I - I I CP! I
| b | | |
| + } | | |
I _ I I I
| hd | | |
L - - | L - - |

Figure 11. k =1 SO(3) and k = 2 SO(2), USp(2).

k =1 local vortex for G' = SO(5)

Finally, we move on to the second simplest case of odd SO vortices: G’ = SO(5). Let us
first list all the patches, starting with those having @)z, = +1:

070)

H =215+ A, (3.119)
22 0 00 0
0 22 00 0
Hél’l) = —c2 —c1z+ca—c3cq 10 V23 |, (3.120)
Cl1Z — Co — C3C4 —cﬁ 01 \/504
—\/5032 —V2¢4z 00 =z
where
—a1as — azay —ai 0 a% V2aqa4
ag —aias + agay —a% 0 —\/§a1a3
A= 0 a3 ai1as + asay —a3 V2asas . (3.121)
—CL% CLZ ajag — asay \/5&2&4

0
—V/2aza3 —V2a3as  —V2a1a4  V2a1a3 0

The patches Hél’fl), Héfl’l) and Héfl’fl) can be obtained from Hél’l) by the permuta-
tions (3.10). This means that the four patches {Hél’l),Hél’fl),Héfl’l),Héfl’fl)} are on
an SO(5) orbit and they are certainly connected. By the general discussion in the previous
section, we know that also H(9) and all the other four patches are connected. This can
be seen explicitly by studying the transition functions among all these patches:

Hél’l) _ V(lvl)’(O’O)HO(O’O), (3.122)
> + co+c3cq é 0 _L _@
6261 c1 ) c1 \/501
_4 z 4 C2zawa L g Vi a1 — L
v LD00) - 0 e 00 0 |- {; e (i =2,3,4)
(2 \/a S I
c1 0 0 0 0
—\/503 —\/564 0 O 1
(3.123)
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where the same sign has to be chosen for all the transition functions. This means that the
moduli space for the minimal vortex with Qz, = +1 in G’ = SO(5) is

M§8%5),+ =Cx WCP(42,1,1,1,1) ~C x CP*/Zs, (3.124)

where the subscript (2,1,1,1,1) denotes the U(l)(C charges. The weighted complex projec-
tive space VV(CP(2 RER) is defined by the following equivalence relation among five complex
parameters ¢; (i.e. ‘the homogeneous coordinates)

(¢17¢27¢37¢47¢5) ~ ()‘2¢17)‘¢27A¢37)‘¢47)‘¢5)7 A S (C* . (3125)

On the other hand, the patches corresponding to 7z, = —1 take the form

22 000 O
—b1z z 00 O
HM = | —biby — b2 by 1By /23 | (3.126)
—boz 00z O
—V2b3z 000 =z

The remaining patches H( L.0) Héo’l) and Héo’fl) are obtained by permutations (3.10)
from H( 9 Since all of them are on an SO(5) orbit, the moduli space of the k = 1 vortices
with Qz, = —1is

SO(5) USp(4)

MES =CX ot MESL = C x 3.127
5065).- U(1) x SO(3) Usp(s U(2) (3.127)
The following V-transformation from the (1, 0)-patch to the (—1,0)-patch is
HELO () = yEL0.00) () gL0) () (3.128)
0 0 —3= 0 0
0 £ gy —22 _2¢
0 —szcl 'z —QH‘L/C/ 1-— 52/2
==2dV + 7. (3.130)
The transition functions are as follows
2a’ 20 2c
a=—2, b=, =% (3.131)

4 Semi-local vortices

We now turn to the more general type of solutions, by relaxing the strong condition (2.64).
Namely, we shall make use of only the weak condition (2.22) to define our vortices. As will
be seen shortly, this leads to a larger class of solutions: the so-called semi-local vortices.

All our vortices including the semi-local ones being BPS saturated, can be analyzed
by using the moduli matrix Hy(z). The latter has the general properties:

,39,



e it is an Ng X Ng complex matrix;

e all of its elements are polynomials in z. The algorithm given in ref. [24] implies that
it is sufficient to consider only polynomials as holomorphic functions;

e it is defined only up to the V-equivalence relation, eq. (2.26);
e it is subject to the weak condition, eq. (2.22).

The moduli parameters ¢* for a BPS vortex solution emerge as coefficients in Hy(z) and
thus the moduli space of the solutions is defined by the above properties only. Of course,
all the matrices which we found in section 3 for the local vortices satisfy these conditions
a fortiori. Specifically, one can easily check that the special point Héﬁl""’ﬂM) in eq. (2.36)
satisfies the weak condition.

In the strong coupling limit e,g — oo, the master equations (2.24) and (2.25) are
exactly solved by ' = Q) jw = wy in eq. (2.28) and the energy density and Kéhler
potential for the effective action for the vortices (lumps) are given by [22]

£ =200K, K(¢' ™) = /d% K, K=¢logTr [\/IG/I&] , (4.1)

with the G’-invariant I = Hg (2)JHo(z). Even in the case of finite gauge couplings,
these are considered to be good approximations when m. L > 1 where L is the typical
distance from the core of the vortices. By substituting a typical form of Hy(z) into the
above formula, one can obtain multiple peaks in the energy profile even for a minimal
winding vortex (k = 1). We call these interesting multi-peak solutions fractional vortices.
These will be discussed in a separate paper [53]. Before explicitly studying the semi-local
vortices, let us first solve some technical problems left out from the previous section.

4.1 Dimension of the moduli space

The index theorem discussed in appendix A tells us that our moduli space has dimension:

dime (Mg i) = e vN? . (4.2)

This dimension should coincide with that of the space spanned by the moduli in Hy(z), if
the master equations have a unique solution for a given Hy(z). It is easy to confirm this
by considering the vicinity of a special point of the moduli space.
Let us find the general form of Hy in the vicinity of the special point (%.36) by per-
3),

k
turbing Hy. For definiteness, let us consider the perturbation around HSQ"

e By ! JA(z) 6C(2)
+0Ho = ( " 1M> + <5B(z) 6D(z)> ! (43)

where §A(2),dB(2),dC(z) and 0D(z) are M x M matrices whose elements are holomor-
phic functions of z with small (infinitesimal) coefficients.'® Not all of the fluctuations are

(SIS

Hy

6Notice that here we are considering fluctuations around a k-vortex configuration with even parity. The
generalization to the odd case is discussed at the end of the section.
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independent though: we must fix them uniquely by using the V-equivalence (2.26). The
infinitesimal V-transformation satisfies the condition 6V ' (z)J + J§V (z) = 0 which just
represents the algebra of SO(2M,C), USp(2M,C) and can be expressed as

B 0L(z) O0Nas(z)
§V(z) = ( SMaslz) — 6L$ (Z)> . (4.4)

Again dL(z),0Ma,s(z) and 0Ny g(z) are M x M matrices whose elements are holomor-
phic in z and their coefficients are infinitesimally small. Acting with this infinitesimal
V-transformation on the moduli matrix

) 4 8, = ( FSL(2) 5NA,S(z)> . <5A(z) 5C(z)> | 45)

S

(5.
6V (2)H, FGMys(z) —6LT(2) 0B(z) 6D(z)

we can set 6D(z) — 0, 0C — 0Cg 4(2) and 0B(z) — 0Bg a(z) + 6b(z) yielding:

B dA(z) 0Cs A(%)
0Ho = <5B&A(z)+5b(z) 0 ) ‘ (46)

Note that we have adopted the notation that 6 X (z) stands for a general polynomial function
while dz(z) denotes a holomorphic function whose degree is less than the vortex number
k. Now the V-transformation is completely fixed, and one can determine the true degrees
of freedom of the fluctuations. The infinitesimal form of the weak condition (2.22) is

SHY (2)JHo(z) + Ho(2)J6Ho(z) = O(zF71) .

This leads to 64 — da(z), 0Cs 4(2) — dcs.4(2), Bs a(z) — 0 and db(z) — dba s(2):

[ da(z) dcs a(z)
6H0(z)—<5bA,S(z) SO ) (4.7)

These are good coordinates in the vicinity of the special point
E E
HO(Q""’Q) = diag <zk, LIS N 1) .

Of course, this is only a local description but it is sufficient for counting the dimensions
of the moduli space. The complex dimension is the number of the complex parameters in
the fluctuations

dime MESN spanry = 2kM* . (4.8)

In order to restrict the solutions to the local vortices, one further imposes the following
conditions:

da(z) — 0P(2)1p, dcsa(z) — 0, (4.9)
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with an arbitrary polynomial §P(z) of order (k — 1). This leads to the dimension of the
k local vortex moduli:

M(M -1

dimc/\/léé({%?\b)7+ =k <1 + %) , (4.10)
M(M +1

dime MEEEy) = k <1 + %) : (4.11)

In a similar way, one can count the dimension in the vicinity of the special point of positive
chirality (k,..., k)" for the SO(2M + 1) case and obtain

dime MESTNSSH L =k (2M +1)?, dime MG ) =k (M>+1) . (4.12)

Notice that these results can be considered as a non-trivial consistency check for the
moduli matrix formalism. In fact, by physical arguments, we always expect the following
relation among the dimensions of the moduli spaces:

dime My = kdimeMp—1, (4.13)

which is valid both for the local and semi-local case. This relations can be readily used to
generalize the above equations to the other cases, including special points with odd chirality.

4.2 The k =1 semi-local vortex in G’ = SO(2M),USp(2M) theories
Let us study the minimal-winding semi-local vortex in this section. The k£ = 1 vortex is
special in the sense that all the fluctuations in eq. (4.7) can actually be promoted to finite

1 1
parameters. Namely, the HéQ"”’Q)—patch is obtained by just replacing the small fluctuation
da(z),0ba,s(z),dcs A(z) by finite constant parameters A, B4 g, Cs, 4, respectively:

11
HT (2) = (Zlg A i“) . (4.14)
A,S M

One can verify that this indeed satisfies the weak condition (2.22) for £ = 1. Notice that
the above matrix can also be rewritten as

11 - 1 A
277 () = U <Z ot ) Us, (4.15)
1y
where we have defined
. 1 - 1
A=A—-CsaBas, Up= M , Uc = M Cs,a . (4.16)
Bas 1y 1y

17 Around other special points this strategy may not work in the local case. Other special points may sit
on an intersection of two different submanifolds and one cannot make a distinction between the fluctuations
among them. It is possible, in any case, to identify, case by case, a special point which does not lie on an
intersection. However, one might sometimes need to include quadratic fluctuations, in order to implement
correctly the strong condition.

— 492 —



When A is proportional to the unit matrix and Cg 4 is zero, that is, corresponding to
a local vortex (3.8), Up corresponds to the Nambu-Goldstone modes associated with the
symmetry breaking G Lr — U(M). It is remarkable that this is not always the case for
general semi-local configurations since a non-vanishing A and Cg 4 break U(M) further
down. In general, the symmetry breaking is G p — Zn,.

Let us next consider the transition functions between two different patches. As we did
for the local vortices in section 3, the other patches can be obtained as in eq. (3.9), i.e. via
the permutation matrix P, defined in eq. (3.10). Transition functions are always obtained

by means of the V-transformations as in eq. (2.26)
Hi(2) =V (2)Hy(z), V()=V.V'(z), V.eC*, V'(z)eG'C. (4.17)

11
For example, consider two patches, HO(Q""’Q)(Z) given by eq. (4.15) and

r M—r
(—1 TR ...
Hy 27202093 )(2) = PTIH 2 2 (2) Py (4.18)
1 N 1 A
Hé? 7Q)I(Z) = UC’ (Z M+ ) UB’ . (419)
1y
The equation (4.17) in this case reads
1y + A - - (2l +A
#lar U BU 5 =0 0PV [ FH T . (4.20)
1y 1y

The transition functions will be determined by this condition together with
Up BU-p) J(Up PU-p)=J, and (BV)'J(BV)=J.

The solution to these conditions are of the form

d - - 1+ A)ad
U PU_p = (a “f%) . U o PVUe = (a (#1ns +71 )T“ Aﬂ) . (421)
0 (a) 0 (a7t

with @ € GL(M,C) and da g is an M x M (anti)symmetric matrix and
A =aAa?, (4.22)

1/~ .
Csa=a [CS,A ) <A da,s —da,s AT)} al . (4.23)

Notice that TrA is invariant. The final step is to determine a,d4 s and the transition
function for B/, ¢ by investigating the concrete form of Up

1,
UB == 1M7T s b'lI‘3 = —€ b1 3, (424)
by by 1, ’ ’
—€ bg bg 1M—r
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and analogously for Ups. Plugging this into the left hand side of the first equation in (4.21),
one obtains the following result:

_p!
== d = 1 .
’ ( ) 7 A7S ( OM_T‘)

The transition functions between By g and B;l g are indeed the same as those of the local

—eby —€eby

. (4.25)

1M—r

vortex in eq. (3.13)

by =ebyt, bh=07"by, by=bz+ebyb;'by. (4.26)

We again observe an important result from the first equation in (4.21). It tells us that

det P, = +1, (4.27)

thus there exist two copies of the moduli space, which are disconnected even in the larger
space including the semi-local vortices, in the case of G’ = SO(2M). It is of course due to
the Zo parity (see section 2.3). As in the case of the local vortices in G’ = SO(2M) theory
discussed earlier, the patches with different Zo-parity are disconnected.

4.2.1 Example: G’ =S0(4)

Let us give an example in the G’ = SO(4) theory. The patches with Zy-parity +1 are

z+a b e f
11 d
ey — | ¢ 2tdlal (4.28)
0 t 10
—1 0 01
10 0 7
(-1,-1) 01 —7¢ 0
gt 4.29
0 e f/ z+a’ Y ( )
f/ gl c/ Z+dl
1 1
These patches are connected by the V-transformation (2.26) H, (=3m2)  _
0
11
V(f%vfé)v(%v%)HO(§7§)’
0 0 0 7
0o 0 =7 0
V(_%7_%)7(%7%) = 1 rd s (430)
0 7z+93% 0
-0 0 24+

The explicit form of the transition function (the relation between the primed and unprimed

parameters) is given in eq. (D.1).

There are two more patches for the vortex with Zs-parity —1 and are described by the

moduli matrices

z +a// f// 6// b//
(-1 - 1.0 0
Ho = =1 o 41 » (4.31)
CI/ g/l fl/ 2 + d/l
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1 " 0 0
11 " J" "
U R ° 1. (4.32)

" /1 n "
g c z+d" f
0 0 —i" 1

These two patches are connected in the same way as the two with positive chirality. In fact
they define another copy of the same space. In agreement with the general results found

11 11
above, neither one of the even patches: Hé z 2), HSQ’Q)

11 (i1
HO(Q’ 2) and H, (z:2)
connecting them. One may construct a holomorphic matrix X(z) which satisfies, for

11 11
example, HO(Q’ 2) _ X(z)HO(Q’Q), however, violating the condition X (z) € SO(4,C).

, is connected with one of the odd,

. One can easily see that there does not exist any V-transformation

4.3 The k£ = 2 semi-local vortices

Consider now the patches associated with the & = 2 (doubly-wound) vortices. Let us begin

with infinitesimal fluctuations around the special point

2
r M—r Z 17"

AN A 1
e B L0 | SE ey (439
r

k2 By

In order to get rid of the unphysical degrees of freedom in the fluctuations dHy, let us
consider an infinitesimal V-transformation (2.26)

0K11  OMiy 6Kigas O0Mio
6L ONq1 —6(5M1’g 5N12;A7S

oV = 4.34
6Koias O0Ms —O0Kj{ —6LY (439
—€6Mgy SNojas —OM{; —6NY
Acting with the V-transformation on the perturbed moduli matrix, we find
0Hy ~ 0Hy + 5VHél""’1’O""’O) . (4.35)
Since the explicit form of 5VHél""’1’0""’O) is
2’25K11 Z5M11 5K12;A7S Z5M12
(1,..,1,0,...,0) 225L11 25N11 —€ (5M1’g ZéNlQ;A,S
—22€ M3y 20No1. a5 —OMY —2z0N{
the physical degrees of freedom in the fluctuations can be expressed as
0A7 0C1y 0A12:5 4 0C12
0B11 0D11 0 0D12,5,4+0d12:4,5
0Ho= (1) (0) ;
5A21;S7A—{—(5&21;14752—{—5&21;1475 dcop 0 dcon
0By 0D21.5,4+dd21;4,5 O dda2
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where 0. X denotes a generic holomorphic polynomial and dz stands for a constant matrix.
The infinitesimal version of the weak condition (2.22)

SHY (z)JHo(z) + Ho(2)J6Ho(z) = O(z), (4.36)
turns out to be equivalent to the following conditions

{0D11, 0D21.5.4, 0D12,54} = O(1),
{6A11, 6C11, 0A12,5.4, 6C12} = O(2),
51421;57,4 = 0, 5311 = —50’%‘22 + (5b11 s 5B21 = —€ 50;12 + 5b21 . (4.37)

We thus find the generic form of the fluctuations in the vicinity of the special point
(L 1,00)
0

5a§1)z + 5a(0) 5c§11)z + 5051) 5“%2)5 4%+ 5a§2);S7A 5052)2 + 50(0)
50222’ + (5b11 (5d11 0 5d12

8Hy = . (4.38
5“511)%,52 + &LSRA,S dca1 0 dcao (4.38)
—€ 50’;12 + (5b21 (5d21 0 5d22

()

Let us count the dimensions of the moduli space. We have six matrices 5aij

(a)

two matrices 6b;; of size (M —r) x r, six matrices dc;;

of size r X r,

of size r x (M —r) and four matrices
dd;; of the size (M —r) x (M —r). Thus summing up we obtain the correct dimension

dimg | MESE aan) | =AM (4.39)

The next task is to find the coordinate patches with finite parameters (i.e. large fluc-
tuations). To this end, let us naively promote all the small fluctuations in eq. (4.38) to
finite parameters as dx — x (as was done in the case of the minimal semi-local vortices):

T N O OO SO

T
— 1
Hy — " CyoZ + 12(1])1 2lp—r + d1n 0 d1s (4.40)
Aot A sz tasa5 21 1, €22
—echyz + by da 0 21— + dao

But such a procedure is inconsistent with the weak condition (2.22).  Although

H(?JHO‘(Q(zn) = 0 for n > 3, the terms of order O(2?) turn out to be (22 times)
1 1 1 1 1 1
—2AgA CLg1)A SC§1) 1, - CLg1)A 5052)5 A 051);A,SC§2)
DT (1
HTJH ‘ _ cgl) aél);A,S 0 0 ]'M_T'
07500 T 1, 4l al), ) 0 0 0 )
r %2 5’134 21;A,S
52) gl SA,S €ly—r 0 0
(4.41)
with
—2Ag 4 = agll)Tagll);Avs - agll);Aﬁagll) + co1C0y 4 €Coacay . (4.42)
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This must be HEJHO{O(

eq. (4.41) becomes exactly equal to J. To compensate the surplus terms, we add the

2y = J, i.e. we have to eliminate the undesired terms, such that

following extra term

0,
OMfr
HE™ = 1) ) 1) 1 1 : (4.43)
Ag A agl;A,chl) agl);A,SagzbﬂA ag1);,4,scg2)
OM—T‘
Finally we obtain the finite coordinate patch
r M—r
(1,..,1,0,...,0)
HO EARAS ] K ARG (Z) f—
Aorardd  Werd)  algeraly, e
—cayz + b1y 21p—yr 4+ diy 0 dr2
1 0 1 1 1 1 1 1
aél);A,SZ + aél);A,S + As.a co1 + aél);A,chl) 1.+ a;1);A,sa§2);S,A C22 + aél);A,chQ)
—echz + by da1 0 21—y + doo
(4.44)
All other patches can be obtained by making use of the permutation (3.10):
r M—r r M—r
(1,..,1,0,...,0) —1¢7(1,.,1,0,..,0 )/
Hy oot Bt (z) — P Hg o Bt N (2) P (4.45)

Since the transition functions between the different patches of the k = 2 semi-local vortices
are rather complicated, we shall not discuss them in this paper; we limit ourselves to
showing just a few simple examples below.

4.3.1 G =S0(4)

As in the case of the k£ = 2 local vortices discussed in section 3.2.2, at least nine patches are
needed to describe the k£ = 2 semi-local vortices. They are divided into two disconnected
parts as 9 = 544 according to the Zsy-parity. The five matrices corresponding to Qz, = +1
are {Hél’l)7 Hél’_l), Ho(_l’l)7 Hé_l’_l), Héo’o)} and the four matrices with @z, = —1 are
{HSI,O)’ Héfl,O), Héo,l)’ Héo,fl)}‘

Let us start with the patches having Qz, = +1,

H" = (2 - 2)14+ D, (4.46)
21 A A
Hél’l) _ [#F L . 112+ 0 ) Cisz + Cos - (4.47)
13 Hiaz+ Hoa+ 5 (Hiady — AT Hia)  HyaChrg

where D is an arbitrary 4 x 4 matrix. The other patches {Hél’_l), HO(_M)7 Ho(_l’_l)} can
be obtained by the permutations (3.10) of Hél’l).

Now we can clearly see the difference between the local and semi-local vortices. Let us
consider the (0, 0)-patch. The patches for the local vortices are given in eq. (3.71) and those
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for the semi-local vortices in eq. (4.46). To avoid confusion, let us denote them by (0,0);4
and (0,0);_ for the former and (0, 0) for the latter. Clearly, the (0,0);+ and (0, 0);— patches
are unified into the (0,0)g-patch when the strong condition is relaxed to the weak one.

As explained in section 3.2.2, the (0,0);4 patch (with the (1,1) and (—1,—1) patches)
and the (0,0);_-patch (with the (—1,1) and (1,—1) patches) correspond to two possible
choices of the Zo-parities of the component vortices (Q(Zlg), Q(ZQQ)) = (£1,£1). This reflects
the fact that any product of the moduli matrices for local vortices generates automatically
local vortices. It is tempting to interpret the fact that the two spaces are disconnected
as meaning that the Zs-parity of each component vortex is conserved. However, this is
not the case for the semi-local vortices. Products of moduli matrices satisfying the weak
condition (2.22) do not, in general, satisfy it. The Zo-parity of each vortex is therefore not
conserved in the semi-local case.

Let us examine the transition functions between the (1,1) and (0, 0)-patches, explicitly.
Notice, that we have already observed the connectedness between them, as it was indeed
present in the case of the local vortices. Our aim to express the following complicated
results is completeness of the calculations. Let us write down the moduli matrices as

22 +a\z + af) hz+ b ehz+eh flz+ f}
H§WY = ¢z + o Prdiz+dy  fiz+ fy g+
0 ah iz +ip— satiy +3diiy 1+ fiiy gid )
—iz — iy — gayiy + 3didy —byd} el 1— flih
(4.48)
z+ay by co do
h
HSO’O) _ €z + fo 90 0 "
0 Jo z+ kO lo
mo  no 00 Z+po

The transition functions are determined through a V-transformation (2.26) satisfying the
relation V(l,l),(O,O)HéQO) _ Hél’l);

z+%a’1+%d’1—% 0 0
1 1 iy 1
7 (1LD,(00) _ 0 ztgay+gdi—F 7 0 (4.50)
0 iy 0 0
—i} 0 0 0
The transition functions connecting the patches HO(O’O) and Ho(l’l) are thus given explicitly,

see eq. (D.2).
The transition functions between the (1, —1) and (0, 0)-patches can be obtained by the
permutation of the above (1,1)-(0,0) system as

1000
0001
0010
0100

111 1,-1 —17,7(0,0 (0,0
P =Y, P EM P =H"Y P= (4.51)
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Therefore, the transition functions are easily found as
V(l,fl),(O,O)IfIéO,O) _ Hélﬁl), v (L=1,00) — p-11,(1L1),00,0) p (4.52)

The transition functions between the (1,1) and (1, —1)-patches can be obtained by com-
bining two transition functions given above.

Let us next show the transition functions between the patches with Zs-parity —1. The
explicit form of the moduli matrix is given by

22 a1z +ag biz+by ciz+co diz+ dy
H(LO) _ z " —e1z + ep fo 0 90 (4.53)
0 1 —61’i1 ’il 0 €1
z —112 + 19 J1 0 ko

The (—1,0)-patch can be obtained by acting with the permutation matrix on the (1,1)-
patch as follows

0010
g\t = pig(torp p—|0t001 (4.54)
0 0 ’ 1000

0001

The transition functions between these two patches are obtained by

V9000 1o .
; 0 —ie] 0
(—1,0),(1,0) 0 0 —ehz+ €] —4
—1, b ) —_— , , , 1 y
v T 29 D) (-3 (-B) | (4.56)
e , ‘1 i) B i
— —ihz+ il 0

The other transition functions between all the other patches are obtained through suitable
permutations.

It can be shown that the patches with 7z, = +1 and those with 07z, = —1 are indeed
disconnected. Let us take the example of the two moduli matrices Héo’o) and Hél’o).
Assume that there exists a V-function such that

v = 5" (4.57)

First we observe that V is a matrix whose elements are all at most of order z. This is due

to HO(O’O) having the term, z14 and the highest power of VHSO’O) should not exceed 2 which

is the highest degree of Hél’o). We can thus determine the linear term in z of V'

1000 V11 V12 V13 V14

v — 0000 . V21 V22 V23 V24 (4.58)
0000 V3] V32 U33 Us4q
0000 V41 V42 V43 V44
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Furthermore, let us focus on the linear terms of z in eq. (4.57), i.e.,

1000 V1] V12 V13 V14 ap by c1 dy
—ep 1
0000 D + V21 V22 V923 V24 _ €1 00 (4‘59)
0000 V31 V32 V33 U3q 0 00O
0000 V41 V42 V43 V44 —il 001

By comparison of the third row of both sides, we conclude that (vsy,vs2,v33,v34) =
(0,0,0,0). However, detV = 0 does not satisfy the requirement V' € SO(4,C): hence
these two patches are disconnected.

4.4 The k =1 semi-local vortex for G' = SO(2M + 1)

The result of the index theorem (see appendix A) yields that the real dimension is 2k(2M +
1)2 for the moduli space in SO(2M +1). Following the technology explained in section 4.3,

it is straightforward to extend the results to the case of G’ = SO(2M + 1). The moduli
T M—r

——
matrix for £ = 1 in the (1,...,1,0,...,0)-patch is the most general semi-local moduli

matrix and is given by

T M—r
(A A~ N
HO 1,...,1,0,...,0 )(Z) _
(0)

2L taztal)  dVeted) apsztaply epzel ez el

—cdz 4+ by 21—y + di11 0 dq2 €25
1 0 DERE! 1 1 ERe! 1 1
agl);AZ + agl);A + Ag a1 + aél);Acgl) 1.+ 051);Aa§2);s C22 + agl);AC§2) €35 + agl);A€§5) )
—c3z + by do1 0 21— + dao e4s
—e557 + e €5 0 €3 z+es5
(4.60)
where we have defined
T
~ 245 = afy) a%);A - agll);Aagll) + 1095 + Cancyy + ezsess - (4.61)

4.4.1 G =8S0(3)

For G’ = SO(3),k = 1 there are 3 patches, viz. (1), (—=1), (0). The moduli matrix for the
(0)-patch is simply

HY =215+ A, (4.62)

where it is noteworthy to remark that the color+flavor symmetry is unbroken.

The moduli matrix for the (1)-patch is

2242242 a+ fz e+ bz

1
aY = —& 1 —d |, (4.63)
e+dz 0 z-—2z
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while the moduli matrix for the (—1)-patch is simply obtained by the permutation

010
g =prEVP,  withP=|100] . (4.64)
001

The patches (—1) and (1) are connected by a V-transformation given by

(e/-i-d/Z/)Q 2 2(e’+d’z’)

d/2 _dﬁ d/2

H/(()l):V(l),(—l)Hé_l) with VD = _d_; 0 0 , (4.65)

e+dz 0 -1
and the transition functions can be found in the appendix. The mass center of the
system can be identified by taking the coefficient of the z? term of detHy. It is given
by: C.M. = —24 + 25 +b/d +d?f'/2 = —2 + 23 + bd + d* f /2, which has a form that is
invariant under the change of patch.

The patches (1) and (0) are disconnected. This can be seen from identifying the linear
order of V

HY =vH® =V (2154 4) = V=zdiag(1,0,0) + Veonss . (4.66)

Looking now at the linear order in z of the equation

21 [ b 100 V1 Vg U3
000|=]000]4+[vsvs0v6] . (4.67)
d 01 000 U7 Vg Vg

which reveals that the second row of V' has to be zero, which takes V out of SO(3,C) and
the patches are thus disconnected.

442 G =S0(5)

For SO(5) we have nine patches. The five having Zs charge +1 are all connected and are
described by the following moduli matrices

aj ay ay aj aj
by by by by by

H(O’O)(z) =215+ | &y & |, (4.68)
dy dy dy dyy dy

/ / / ! !
€1 €3 €3 €4 €5

22 +a1z+by asz+by c1z+dy caz+do g1z+h
azz+bs z2+a4z+b4 Ccoz+do c3z+ds goz+hy
HOD(z) = 6(13—% ez—l—f—ie(al;”)—% l4+eca ec3 i1+ego |,
—ez—f—w—% —6&2—% —ec1  l—ecy ig—egy
—112+71 —i22+72 0 0 z+y
(4.69)
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with the rest being permutations of the latter. The moduli matrix (0, 0)-patch is connected

to the (1,1)-patch by the following V-transformation

HOD (z) = vBD00) ) g ©00) ()| (4.70)
.. ;2 .

sregmofoge o lw

4 artay f i 1 _a1
V(Ll)’(o’o) - 2e z+ 2 e + 2e e 471
= 0 e 000 | (4.71)

—e 0 00 0

—i3 —i 00 1

where the transition functions can be found in appendix D. There are four patches having
Zsy-charge —1, which are all connected. They are described by (and permutations of) the

following moduli matrix

22+a1z+a2 c12 + ¢ b12—|—b0 d12—|—d0 112+ 1p

fo—eiz  z+go 0 g1 Jo
2
H(l’o)(z) = | —epe1 — ]71 €o 1 el J1 . (4.72)
f1—eoz g2 0 z+g3 J2
ho — j12 hq 0 ha 24k

This patch is connected to H(~10) by the following V-transformation

HELO) () = yE1L0.00) () g0 () (4.73)
0 0 1= 0 0
O T
V(fl,O),(l,O) _ _% LIE(;«') LQE(z) LSE(QZ) L4E(2Z) ’ (474)
0 -2 floee L 2
0 25 ph+ g 29 12
= =2ehe) + 47, (4.75)
1 /2 2 g
§L1(Z) = fli'1 —2€¢'o (fo — €12) + et (J12 — 2hg) (4.76)
Lo(2) = W'y — 20l j1 2 + 2f} (f1 —epz) + 2 <2€66'1z +j%2 - Zeif{) , (4.77)
1 . . .
o La(2) = fod't — 267 (] — ehz) + et (~=2h) +312) (4.78)
1 . . . ) .
5La(2) = g1 (2611 + 1 (ho — 112)) = 2eq (e (7o + 512) — fod1) - (4.79)

The patches of different chiralities are indeed disconnected, as we expected from

topological reasons.

5 Conclusion and discussion

In this paper we have analyzed the BPS vortices appearing in SO(N) x U(1l) and
USp(2N) x U(1) gauge theories. The concrete model which our analysis is based upon can
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be regarded as the bosonic sector of the corresponding N' = 2 gauge theories, but many of
our conclusions are valid on much more general grounds. A short introduction to the con-
struction of BPS vortices in a general gauge group has already been given by some of us [23].

It has been found that, in contrast to the vortices in [SU(N)xU(1)]/Zx ~ U(N) models
studied extensively during the last several years, the vortex moduli in these theories contain
certain other moduli, generally known as semi-local vortices, whose profile functions are
characterized by their asymptotic, power-like behavior, whereas the standard ANO vortices
(including their non-Abelian counterparts found in U(NN) theories) have sharp, exponential
cutoff to their transverse size. This is so even with the minimal number of matter fields,
sufficient for the system to have a “color-flavor-locked” Higgs phase. The difference with
the unitary gauge group case reflects the fact that, for a given dimension, the number of
gauge degrees of freedom is less here, due to the fact that e.g., SO(2N), USp(2N) groups
constitute a strict subgroup SU(2N).

The existence of these semi-local extensions of the vortex moduli is related to the
existence of non-trivial vacuum moduli of the system, and consequently, to the sigma model
lumps which emerge in the strong gauge coupling limit of our vortices [22, 54]. In this limit
a vortex solution collapses to a vacuum configuration everywhere on the transverse plane.
It defines a map of a 2-cycle onto the moduli space of vacua, and is thus characterized by
non-trivial elements of my(Myac). The existence of these semi-local moduli provides the
vortex, even at finite coupling, with a very rich structure. In this paper we tried to uncover
their general properties, with the help of concrete examples for the case of a few lower-rank
groups. An interesting phenomenon concerns the emergence of fractional vortices, where
a certain multi-peaked vortex configuration appear, even if the vortex, as a whole, has the
topologically minimal winding allowed by the stability. These features will be discussed
more extensively in a separate article [53].

Related to semi-local vortices is the issue of the non-normalizability of some of the
moduli space parameters. In the case of U(N) vortices this question was solved com-
pletely [18], by using the general formula for the effective action of vortices in terms of
the moduli matrix [29]. A part of this question was solved for a single vortex in SO and
USp gauge theories in the lump limit [22]. Here we have refined our understanding of the
non-normalizable modes, relating them as the moduli space parameters which live in a
tangent bundle of the moduli space of vacua of the theory.

We have determined the structure of the vortex moduli space, in some cases identifying
it with a well-known manifold, and determining the patches needed to cover the whole
space. This has been done both restricting to the local (ANO-like) vortices (section 3),
and considering the full moduli space (section 4). The latter is closely related to the issue of
the sigma model lumps associated to the non-trivial vacuum moduli in these theories [22],
as emphasized several times already.

The study of the moduli space of local vortices (section 3) is, on the other hand,
deeply related to the nature of non-Abelian monopoles: i.e., to the issue of non-Abelian
(e.g. GNOW) dualities. Our results in this paper represent further steps along the line
of the work [16, 26], even though here we have limited ourselves just to several examples
and a few general observations. A more systematic discussion on this problem will be
presented elsewhere [51].
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Recently, some non-BPS extensions of U(NV) vortices has been studied for the local
case [30] and for the semi-local case [31] with the aim of studying interactions and stability
of non-BPS vortices. A non-BPS extension of the G’ = SO,USp cases also remains as
an open problem. In connection with this, it is known that the SO(2M) theory admits a
non-BPS Zs vortex as w1 (SO(2M) x U(1) = Z x Zsy [55], which has not been studied in this
paper. We limit ourselves to the consideration that such kind of lumps can, in principle,
mediate interactions between vortices of opposite chiralities, which, in the range of validity
of the moduli space approximation [58], are completely decoupled.
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A The index theorem

We briefly discuss the dimension of the vortex moduli space along the lines of ref. [7], see
also refs. [56, 57]. In the following we will keep the gauge group completely generic with
a single overall U(1) factor i.e. U(1) x G'. Writing the BPS equations (e = g) with linear
fluctuations 6H, 64, we obtain

DéH = —idAH , (A1)
-2
DA~ DA = Etr{<5HHT +H5HT) ta}ta, (A.2)
2
and the Gauss’ law reads (with v = 0)
2 S o o
tr KG—QDHF“ +iH(D"H)" —i(D H)HT> t } =0, Va, (A.3)
which we use as a gauge fixing condition [7]
2
DA+ DA = %tr{(éHHT —H5HT) ta}ta. (A4)

A comment in store is that one might wonder why the Gauss law is not already fulfilled
by the fact that the solutions to the BPS equations satisfy the Euler-Lagrange equations
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of the system. Fixing the gauge can be done in many different ways, and instead of
requiring the fluctuations to be orthogonal to the gauge orbit, it proves convenient to take
a direction which corresponds to the time direction of the Gauss law. Even if there is
no time dependence of the fields in question, we promote these fluctuations as normal
fluctuations rendering the system better manageable. In other words, we constrain the a
priori different directions of the fluctuations to obey the linearized Gauss law. This leads
to the linear system

DOH = —idAH, (A.5)

—e?
DA = —tr <5H HTta) g . (A.6)

First, we will introduce the following trick
G =2 tr (521 tﬁ> 8, (A7)

which makes it possible to write the linear system conveniently as the following operator

OoH
(1) s

with (taking e? = 4 for convenience)

equation

A= iD —2tr(f>t)tH ’ (A.9)
2tr (o Hit*)t® iD
which has the adjoint operator
—2tr (o HTt) ¢ iD

Let us start with showing that the operator AT does not have any zero-modes indeed. That
is, the starting point for our vanishing theorem is to take the complex norm | X|? = tr X X
of the operator on a fluctuation

2
0= /d% Al (;()' (A.11)

_ 2 _
_ /d%; [|DX|2+|DY|2+|YH|2+‘2tr (XH*ta) to|" +itrd (XHTYT> —itrd (YHXT>] ,

where the BPS equations have been used together with the fluctuation Y taking part of
the algebra Y = YPt%. This forces Y = 0. Here we assume the theory to be in the full
Higgs phase. We take the fluctuations to vanish at spatial infinity (|z] — o), thus the
boundary terms can be neglected and we can think of the conditions

Dxt =0, DY =0, YH=0, tr(taHXT):o, (A.12)
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as the BPS equations and F-term conditions for an N' = 2 (d = 4) theory with Y being the
adjoint scalar of the vector multiplet and X being anti-chiral fields with the superpotential

W = tr (YHXT> . (A.13)

Recalling that this toy-theory is evaluated on the background configuration where H is
the scalar fields of the vortex and the gauge connection in the covariant derivative A
is also external fields determined by the background vortex configuration. The vortex
configuration can always be rewritten by means of the moduli matrix method yielding
H = S™'Hg(z) which gives a holomorphic description of the field Xt = H as H = HyS with
S the complexified gauge fields of the background configuration. It is now easy to show that
the F-term condition yields tr (taHo(z)flo(z)) = 0, which in turn simplifies our problem
to finding vacuum configurations of this N' = 2 theory, which has the vacuum in the Higgs
phase almost everywhere. We utilize holomorphic invariants IZ#(HO,I:[O) having negative
and positive U(1) charges, respectively. The boundary conditions for the invariants are

I =0, I'=0(""), (A.14)

with v being the U(1) winding. The key point now is to find independent invariants with
positive U(1) charges which will reveal the possible existence of a non-zero H,. However,

the contrary is important here:
iff there exist no independent I, then the fluctuations X1 must vanish.

In our cases having G = U(1) x G’ with G’ = U(N),SO(N),USp(2M) with a common
U(1) charge for all the fields it is an easy task to show the non-existence of independent
holomorphic invariants and the theorem readily applies and completes the proof. We can
now go on with the calculation.

Now let us calculate the following two operators ATA and AAT

5, (T1+3B Ly
ATA = -1 2 . Al
200 + ( Lo 'y — %BadJ> ’ (A-15)
AAT= 1,00+ (11 0 (A.16)
0 Ty

where B = Fi3 = —2[D, D] and we have defined the following operators

[1X = —iAJX — i(JA)X — iAdX + AAX +2 tr <XHTtO‘> tH

(A17)
oY = —i [A,0V] =i [04,Y] — i [4,0Y] + [A, [A,Y]] + 2t (YHH') 1, (A18)
LY = —iYDH, (A.19)

(A.20)

LoX = i2 tr (XT)HT ta> o

and the algebra of Y has been used as well as the BPS equations.
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To calculate the index of A we can evaluate

) M? M?

T= m IOM7) = Hm [Tf (m) - (mﬂ (A2
where Tr denotes a trace over states as well as over the matrices. Now as the eigenvalues
of the operator At are all positive definite, the index counts only the zero modes of the
operator A. For well localized solutions (which go to zero faster than 1/7), the index is
independent of M?. For convenience we can evaluate the index in the limit M2 — oo, thus
we can expand and obtain

T(M?) = —M*Tr , (A.22)

1 iB I 1
— =5 1 padi 7724_...
900+ M? \ Ly —5B*Y | —00+ M

where the ellipsis denote terms that vanish in taking the limit M? — co. Tracing over the
adjoint field strength gives zero. We can now evaluate the index as

1 - _
= — M12im MQTr/dZw §tr(F12) <x ‘(—83+M2) 2‘x> ,
NF 2
N dk 1
= — lim M? /d%—FO/ ,
M2 21: 2vaN ) (2m)? (Lg2 4 m2)°
where
! / P2y 70 = (A.24)
VvV = — X = — . .
2V 2N 12 ng

Because of the vanishing theorem, the index gives exactly the number of (complex) zero-
modes for the BPS equations for the vortex. Thus we obtain the same number of zero-
modes as the number of moduli parameters in the moduli matrix formalism. Note that the
result is obtained independently of the gauge group (however only valid when the vanishing
theorem applies) and the impact of the group is simply encoded in v. We also note that
our result reduces to that of ref. [7] for U(IV) by recalling that v = k/N in that case.

B The orientation vectors

We have considered the moduli matrix per se and studied the orientational moduli space of
the local non-Abelian vortices. Our result for G’ = SO(2M), USp(2M) is the quotient space
given in eq. (3.6). These spaces are well-known Hermitian symmetric spaces [48, 49]. They
can be embedded in the complex Grassmann space Gra,ar =~ SU(2M)/[SU(M) x SU(M ) x
U(1)] which is described by a 2M x M complex matrix via a GL(M, C) equivalence relation

where the action of GL(M,C) is free. In other words we require the rank of ® to be M.
The embedding is defined by the constraint [49]

TJje =0, (B.2)
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where J is given by eq. (2.23).

We can relate the matrix ® to the orientation of the local vortex as follows. Notice
that the moduli matrix decreases its rank by M at the “vortex center”, z = zy3. The
orientational moduli can be extracted as M linearly independent 2M-vectors orthogonal
to Ho(z = 2p) [10, 11]

Ho(z=2)¢; =0, (i=1,2,...,M). (B.3)
Let us thus define a 2M x M orientational matrix by putting (;_5; (i=1,2,...) all together as
©= (1,62 0n) . Holz=20)®=0. (B.4)

As @' given by ® = &V with V € GL(M, C) — which is just a change of the basis — satisfies
the same equation (B.3), @’ represents the same physical configuration as ®. This leads to
the equivalence relation (B.1) and to the complex Grassmannian Graps,ar, as claimed. The
isotropic condition (B.2) can be found as follows. The strong condition (3.1) is written as

(Ho®)TJ(Ho®) = 20T 7 . (B.5)
Taking the derivative of this with respect to z, one obtains
(0Ho®)Y JHy® + (Hy®) JOH® = T JD . (B.6)

Evaluating this at z = 2z one is led to the constraint (B.2).

The advantage of considering ® instead of Hy(z) is simplification of the calculation. In
the rest of this subsection, one can completely forget the previous argument of the moduli
matrix. All the results derived from Hy can be reproduced by ® alone. Let us explain this
by taking two examples: SO(4) and USp(4). Then @ is a 4 x 2 matrix satisfying ®TJ® = 0.
Since ® has rank 2, we can generally bring ® onto the following form by using GL(2,C)

10

(1,4 01 (1,14 01
‘I)S?)(24) “lo-pl (I)UQSS(4) “lab (B.7)

b 0 b c

Of course, further three patches {q)(fé’%),@(%’*%), <1>(7%’7%)} are obtained by fixing
GL(2,C) in such a way that the {2-3 rows, 1-4 rows, 3-4 rows} become the unit
matrix, respectively.

The transition functions among them are given through the GL(2,C). In the case
of G’ = USp(4), the transition functions from the (3,2)-patch to the {(—3,3).(3,—3),
(—3%,—3)}-patches are given by

—1 -1 -1
(3:3)—(353 _ (01 (3:3)—(5-3) _ (10 (5:3)—(3-3 _ [ab
Vaspy =7 = (a b) Vs T <b c> Vosew T (b )

(B.8)

,58,



When the inverse of V does not exist, such points are not covered by two patches but only
by one of them. In the case of G’ = SO(2M), neither V(=2:2)7(2:2) nor Y(2:2)~(2:2) have
an inverse. Thus the (1, 1)-patch is disconnected from the (=1, 1)-patch and the (3, —2)-

5595 — 959 2'7 2
patch. It connects only with the (—%, —%)—patch and the transition function is given by
11 1 1 0 b -1
(3:2)=(=273) _ -
Vs 1 =1y 0 . (B.9)
Similarly, the (—%, %)—patch and the (%, —%)—patch are connected. This is a reinterpreta-

tion of the Zg-parity of the local vortex in the model with G’ = SO(4), see figure 2. An
extension of this to the local vortex in G’ = SO(2M) is straightforward.

C Some details

C.1 Spatially-separated vortices

When the two vortices are separated, i.e. § # 0, the second equation of eq. (3.33) (together
with TrI" = 0) is solved by

I'= 0, FO 0,_1, FO = \/S <1M7’ ) . (Cl)
1y

There remains an arbitrariness under reshuffling the form,
ul
o —ds, To— s 'Tgys, s = 1 . (C.2)
U

where u, € GL(M — r,C). Then the first condition in eq. (3.33) leads to

0 X
o Jaar—ry 0 = <6XT 0 > ~ Jo(M—r) (C.3)

where we have used the above-mentioned freedom to arrive at the last form for Jyns_p).
The above relation means that o’ is an element of O(2(M —7))® (USp(2(M —7))°). There
exists still an unphysical transformation {7 = w,™! = u € GL(M — r,C). Thus the
solution of the strong condition (3.33) with § # 0 is given by

he)1C
C* x [%] }/Z2 for G’ =SO(2M),

Te (C.4)

C
* USp(2(M —r),C
C* x [%] } /Zy for G'=USp(2M),
with the first C* factor being the relative distance V6. The Zs factors in the denominators
come about due to the fact that a combination of a w-rotation in the z!-z2 space Vo — =8

and a permutation o/ — o'p, satisfying pI'op~! = —T is an identity operation.
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C.2 Fixing NG modes for section 3.2.1

Let us go into a detailed investigation, in order to verify the results in section 3.2.1. In the
first place note that ag.4 s and C o are obviously NG modes when two vortices are coin-
cident, namely § = 0. One can confirm this fact, for example, by considering an infinites-
imal color-flavor G, , transformation accompanied by an appropriate V-transformation.
Therefore any moduli matrices of the form (3.28) can be always brought into the following

. M (z — 20)217, 0 0 0
(T1.0..0) _ 0 (z=20)1m— + T 0 T2 . (C.5)
0 a1;A,8 % 0 17" 0
0 Iy 0 (z—20)1p—r + T2

For § = 0, the rank 2y = rank(I") is less than 2y < 2(M — r). The first condition in
eq. (3.33) states that I'Jy(ps—,) is anti-symmetric (symmetric), so that I' can be written as

r= eqj2’y qT JZ(M—T) ) (CG)

where ¢ is a 2(M — r) X 27 matrix whose rank is 2, (M —r > ), and jg7 is the invariant
tensor of G, = USp(2y) for G’ = SO(2M) and GY., = SO(27) for G' = USp(2M). Then
the second condition is translated into the following constraint on g:

A=0, A=q"T_nq. (C.7)

Note that the rank of A = qTJQ(M_T)q is bounded as

4y —2(M —r) <rank(A) < rank(q) = 27 . (C.8)
Therefore, 2y < M — r in the present case of rank(A) = 0. This last condition can be
solved by
¢=0 I ., g€GL(27,C), O€ Gy, . (C.9)
OQ(Mfrf'y)X?y
Thus we find
929"
Opr—r—
r=0 M-r—2y 0% Jaar ) - (C.10)
02,
OM—r—Z'y

In the case of G’ = SO(2M), we can bring the anti-symmetric matrix gjgygT onto a
block-diagonal form as

gJoygt =ulu', A =ios®diag(Mlp, Aolp,. .. A1), (A > Nig1 > 0), (C.11)
where u € U(2v) and 27, p; = 2. Thus we have found
‘A
r=0

Or—r—2y | -1 (C.12)
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€ SO2(M —r)) . (C.13)
]-Mfrf%/
Similarly, the anti-symmetric tensor aj; 4 can be brought onto a diagonal form. Let
rank(a; 4) = 2a < r, then we obtain

0,_ : :
a14 = ( r—a u’A’u’T> ;N =iog @ diag(M1,, ’21p/2,...,)\;,1p;/), (C.14)

where «' € U(2), 2 Zg/zl p; = 2a and A > X; | > 0. Finally, we arrive at the following
expression

221, 9, O 0 0 0 0O 0
0  2%19,] O 0 0 0] 0 0
0 0 |21o 0 0 0] A 0
Hy = 0 0 0 2lp—p—2y O 0| O Op—yp_oy | (©.15)
0,_90 O 0 0 1,9, 0| 0 0
0 Nz| 0 0 0 1] O 0
0 0 0 0 0 0 |21a, 0
0 0 0 0 0 0| 0 zly_ro

where we have turned off the center of mass zyp = 0. Omne can return to the previous
moduli matrix by using the color-flavor symmetry Hy — U~ 'HU with

1r72a
u/T

Olfl

-
Il

€ SO(2M) . (C.16)

Olfl

By making use of the V-transformation, one can bring this onto the following form

221, 94 O 0 0 0 010 0
0  2%19,] O 0 0 010 0
0 0 |21y, 0 0 010 0

VHO _ 0 0 0 2:1M_7»_27 0 0 0 0 7 (0.17)

0 0 0 0 1,290 0|0 0
0 ANz| 0 0 0 19| 0 0
0 0 [A1z 0 0 0|1y 0
0 0 0 0 0 0 0 2:1M_7»_27
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1,20 O 0 0 0 0 0 0
0 1z O 0 0 010 0
0 0 |zl 0 0 0 ]|-A 0
0 0] 0 1y 0 0 0
vV — M-r—2y (C.18)
0 00 0 1,94 O 0
0 00 0 0 15,0 0
0 0]A! 0 0 0 |0y 0
0 00 0 0 01]0 2zly_r_2y
where one can check that V' € SO(2M,C) because AT = —A. We can rearrange the
cigenvalues \, = {)\;1, )\;} in such a way that
diag (A, A™') = ioy ® diag (X111~,1, o ,5\31ﬁs> e > Aapt >0, (C.19)

hence the G, p = SO(2M) orbit can easily be seen in eq. (3.56).

The arguments for G’ = USp(2M) are analogous to those of G’ = SO(2M). A small
difference is that Jy/_,)[" and aj,s are now symmetric. In the end, we obtain the moduli
matrix on the following form

21,5 0 0 0 0 0
0 2%1g¢c O 0 0 0
0 0 2lyrc| 0 0 0
Hy = SM o , (C.20)
0 0 0 1,5 0 0
0 Az 0 0 1g4¢ 0
0 0 0 0 0 ZlerfC
A = diag(\1,, ..., A615,) (C.21)

with § = rank(I") and ¢ = rank(a;.g).

D Some transition functions
Here we make a collection of some of the transition functions discussed in the main text.

D.1 Example 1

The transition functions between two Zo-parity +1 patches for the minimal semi-local
vortices in G' = SO(4) theory of section 4.2.1:

i ’o gt
a:—fl’tl—f—a;rd,
Y
bfiglv
c=c¢ei,
11 "+d’
d:fl‘i’a;_, (Dl)
e =—ci, ’
_ (a/=d)¥
f=—
g =i,
i =—%.

.
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D.2 Example 2

The transition functions between H
= SO(4) theory of section 4.3.1:

G/

aog
bo
Co
do
€o
fo
go
ho

10

Jo
ko
lp =
mo=
ng =

0o

Po

(0,0)

and Hél’l) for the £ = 2 semi-local vortices in

1 7 1 3/
301 —3di + 7
/
1>
/
er,
-2
1 1/1 ’
/
C1s
-7
1 7 1 19
—3a1 +3di + 3,
_f 1
- fl + AR
1
/
glv D 2
/sl 1 7 0z 1 7 g1z .
—cyiy — 5011 + 5a3c11) + 51430, ( )
10 1 ! !
aﬂo*f*ﬂhh dyt| + dlzl,
1 gy -/ -/ 10 1 37 ¢1.:1
§a1 5d1 f1lo — foir — 2 + a1f121 §d1f1@1 )
— -/
—g110 — 9ot + a1g121 + —d191l1 )
Z
—dyif + apiy + 01 a1 i1 + d1 i,
/ 1y
blif + bozl alblz1 5dibih
11 1 1
e110 + epiy — gajerdh — §d16111 )
/ 1 11 1
304 + 5dy + flig + foih — ﬂ_g ay fiiy — 5dq

These transition functions are, of course, invertible.

D.3 Example 3

The transition functions between the patches with Zs-parity —1, viz. Hél’o) and H,
for the k£ = 2 semi-local vortices in G’

(_170)

= SO(4) theory discussed in section 4.3.1, are

’ -/
VN € 29
a] = *Clelll — o Z y
/N (}) i0
ag = —Cpeqty + i
ARYs
N VN, Lt el il €l
by = —bjeyd) — foiy —eih + e
/aYs
_ N €o%o
bo = —bperiy — foio — endo + P
_ /1! ! ;1
C1 — —a1€121 - 607/1 - 6120,
/AN -
co = —ajeliy + efif
/s
— Il 1l 11 €%
di = —djeli] — got) — etkj — s
1
_ ] eo%
do = —dge’i} + goio + epky —
1
e = ) (D3)
]7
— 7:0
€0 73
(2
_ _ & €
fo=—i — 9,
],k, 1 /s
__ &g €1t
go = i Z-’lz )
ih=—=,
e]7
> — (0]
0= —773
’ ife _ el
Jo = 4 6’12 )
! !
_ 90 _ &
[ Ko = e] e
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D.4 Example 4

The transition functions between the patches (—1) and (1) for the k = 1 semi-local vortices
in G’ = SO(3) theory discussed in section 4.4.1, are

( 2
d :—y,
— 2¢e’
€ 77d’2’
_ 2¢’ /
3= T T3
2
f=de —Ld 2,
1 /2 121
a—g(e dZQ), (D.4)
1y 2 / 1
;0'd e —dzg,
2 ’
c =—1dq” —¢ %+z§),
2¢’ 1 92 pr
a=g —d" [,
12
e 1,7 312
z2_d/2 Ea/d

D.5 Example 5

The transition functions between the patches (1,1) and (0,0) for the & = 1 semi-local
vortices in G' = SO(5) theory discussed in section 4.4.2, are

(=5 L+
ahy=as+ 2,
ah=cq,
0,21 = *% +c2,
as=g1 — 2,
/ it
1 as — 5o o
/2_ _ai—as +£ z§z€27
{J, = % +c2,
bé; =C3,
i‘) = g2 + % )
C/l _ 7€b3 + eag(a21+a4) B agf B il(a1i12+a3i2) B iljl ,
6/2 _ 7€b4 B e(ai_ai) + alf o f?2 N il(a2i12+a4i2) B i1j2,
ch = —edsy + Cze(a;ra“) + wtfas _ é —cof — 7“(81“2+C2i2) — ik (D.5)
CZL _ 7€d3 + cse(aé+a4) - Cgf + ;_i - i1(02i12+03i2) 7
0/5 — —ehy + ng(a21+a4) - fgz + i1(a12+a4) o f_;1 - i1(91i12+g2i2) — iy,
,1: by — e(ai_ai) o 0,4f + é - iz(a1i12+a3i2) B igjl,
h=eby — 7(126(@21”4) +asf — 71‘2(@21‘1;@412) —i2J2,
:/3: edy — Cle(aé+a4) + le - i2(61i12+c2i2) - ;_%7
21: eds — Cze(aé+a4) + a1-5a4 _ Jg + CQf _ i2(62i12+63i2) + %,
f5: €h1 - gle(aé+a4) + fgl + ig(a12+a4) _ f_;'z _ i2(91i12+92i2) _ igy,
e) = ji + 2lesmaal 4 0y g,
ey = jp — 2 4 St 4 g
el = criy + coip + 2,
SZLZCQ’L'1+637: — %,
es =y + g1i1 + gaia,
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D.6 Example 6

The transition functions between the patches (—1,0) and (1,0) for the & = 1 semi-local

vortices in G' = SO(5) theory discussed in section 4.4.2, are

( 2/ fi+hs  1p=
o= "= — 30>,
oy = 2chireisithait) 1o
= = 201=)
Y] 1772 1 /=
bo —fof1 + §ho_ 500=, .
_ ! gl ! ! /A =
br = —efo — €1 fi — hoji — §(a1~7 2)
’ ’ ’ ’
g I 3N eo(2fof1+h's 1./=
co = f190 + o952 + hoht + ——=—% — 32,
26/ (e/ f/+e/ f/+h/j/)
Y ! ! !l 0\€JoTC1J1 0J1 1 /=
c1 = fi1 —epgo — €195 — 1]1(* = —36=,
’ 2f/f/+h/2)
e /i /AN €1 0J1 0 1 9=
do = f191 + fog5 + hohs + f( — 5do=,
26/ e/ f/+e/ f/+ /j/)
_pl ! i ! ! 1{€JoTC1 /1 0J1 1 =
dl*fojeoglfﬁgg* 2J1 — = *§d1~a
2ey
€o=——=,
e = 726’1
=
7 X N
_ —de® fi—del byl +2f05,°
fO - =2 )
! ’
= —deg” fi—4efhi i +2£15,°
1 — =2 9
’ . N
;o 2el(ebgoteighthiat) | 2€ (*2612f1,*26/1h6ﬁ+f(ﬁ12)
go = 9o — = + =2 )
’ ,/ ’ . . 4l .
g1 = der® (F14e95)+9101" —2e,% 1 (2hG+2e hh 941 ) +2e 4, (fo+ehgi —hbit)
- 52 i
1 4 ! ! ’
g — —deg’ (fo+eigh)+95d1* —2e0° 51 (2ho+2ei bl +961 ) +2e0d1” (F1+e195—hii1)
- E‘Z b)
! .
g = g — AcbeA(hI T R) 2(= et fi et gi et gy tehii)
— Y3 =2 = )
g — Achel ek fugi +ael 11514201
= )
’ . e . . . .
hy = deq’ (e (hh+elht)+(Fo+eiab)ir)+a1° (2¢4 gh+hig1 ) +2eit (2¢) (£1+ehgs)+31 (ho+3b31))
- =2 9
’ = ’ /4 ’
b, — ZAcoer® (hotehhs) el () fi+ep (Fo-+epoi+eigs))ii+2eiho,® +2(chgi el g5)dn” +hos*
2 — =2 )
7 ’ ’ 1 4
L egterio=2ehe (fib—indi + oy thoh' )+t (< F1do+ hibdi® 3 (241-+i15) ~ho (W +ii k)
0 = = )
! 1 4 ! ’
i 2ee (it (2¢ fithiitd s i e gt gtk 2k Vel (31 (285631 H2e 2 gi2er (—higtt (#5744
1 = = ?
’ ’ ’ = ’
jo = =i (2544651 +aeh e’ sy +2e,% 31 (21 +i1 a5 +2e0 K ) +2€15,% (2ho —epig+it k')
EZ )
. 231
==
! ’ ’ ’
iy = e et b =522 (26143135 ) +2e0254 (2£+3651 21 k) +2e 5,2 (2 — et jh+31 )
- =2 bl
—oel il (—2¢! B4 il (244l 47 2’2»/ 4’21_41»/ /k/_/z de! f/4oh i +9¢! it i »’2k/
k €0J1 €1 0+J1( fo+]o]1)+ €1 Jz ) tdeg el( JoJiter ) g7 (4er fi+2hosi+2e15172+0
= =2 :
(D.G)
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